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Dynamics (ME 34010) Homework Solutions December 2017

Problem Set 1 Solutions

Problem 1
The vertical slotted guide shown in Fig. 1.1 moves horizontally at a speed 20 [mm/s].

This causes the pin P to move in the fixed parabolic slot whose shape in given by

2

X
y=? , b =160 [mm] .

1. Find the velocity and acceleration of P.

2. Find the velocity and acceleration of the P for the position x = 60 [mm].

E
[CT

Figure 1.1

Solution:

The position of the particle is given by

x2

x=xe1+?e2 .

Thus, the velocity of the particle becomes
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. ) 2x X
vV=Xx= x(e1 +7e2) = 20e; +Ze2 [mm/s] .

Moreover, the acceleration of the particle takes the form

2% ,
a=v=732=5e2 [mm/s*] .

Next, at the instant when x = 60 [mm], the velocity and acceleration of the particle are
given, respectively, by

v = 20e; + 15e, [mm/s] , a = 5e, [mm/s?] .
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Problem 2
The absolute acceleration vector of a particle, expressed in Cartesian coordinates with basis
vectors e;, is given by
a(t) = (4t — 3)e, + t%e, [m/s?] .
The particle is initially (t = 0) at rest at the origin.
1. Find the velocity of the particle as a function of time.

2. Find the position of the particle as a function of time.

Solution:

The velocity of the particle is given by

t 3 t £3
v(t) = f a(t)dr = [(212 —31)e; + ?ezl = (2t? — 3t)e; + 3 € [m/s].
0 0

Furthermore, the position of the particle takes the form

(t)_ft()d C[f2e 31 +r3 t_ 2t3  3t2 +t3 -
x —Ovr =3 5 e 3e20— 3 5 |er+ e [m]
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Problem 3
A particle passes through the points A4: (1,1,1) [m] and B: (—1,4,7) [m] during its motion
along a straight line. Let eg,, denote the unit vector pointing from A to B, and s(t) the
distance traveled by the particle from the point A. The position vector of the particle is
given by
x(s) =x, +seg/y =x;(s)e;[m] , i={1,23},

where the repeated index i implies a summation over i (Einstein summation convention).
1. Find the components x;(s) of x(s).
2. Let C denote the closest point to the origin along the straight line. Find the coordinates

of this point.
3. Find the distance between the point C and the origin.
4. Find the distance between the points C and B.
Solution:

The unit vector e,/ 4 can be expressed as

xB/A —261 +3€2+6e3 1
e = = ==(—2e; + 3e, + 6e3) .
B/A |xB/A| \/E 7( 1 2 3)

Thus, the position vector x(s) is given by

2s 3s 6s
x(s) = (1—7>e1 + (1 +7)e2 +(1+7)e3 [m] .
Now, the direction e/, of x¢ o is perpendicular to the direction ep,, of x(s) provided

that C is the closest point to the origin O along x(s). Denoting the coordinates of C by

(x4, x5, x3), it follows that

1
eB/A . ec/o = ;(_261 + 362 + 663) ) (x181 + xZez + xgeg) = 0 =

1
VX2 + x3 + x2
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_le + 3x2 + 6X3 = 0 .
However, since C lies on x(s)

2s 3s 6s
x1:1_7 ) x2=1+7 ) x3:1+7 .

Consequently,
2(1 2S>+3<1+38)+6<1+6s)—7+49$—0 = s=-—1[m]
7 7 7)= T T S= o
Moreover, the coordinates of C are given by
1
xC = ;(931 + 432 + 83) [m] .

Next, the distances |x¢/o| and |x¢,/5| are given, respectively, by

|xc/0|=|xcl=\/§[m] . |x¢/s| = 1xc — x5] =8 [m] .
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Problem 4
A moving object is influenced by the aerodynamic drag, which is proportional to the square
of the object’s speed, such that the acceleration of this object is given by

a=—c —cv? [m/s?] ,
where ¢; [m/s?] and ¢, [1/m] are constant parameters.
The object starts its motion from the origin with speed 80 [km /h]. Furthermore, the speeds
of the object after traveling the distances of {200,400} [m] are given, respectively, by
{60,36} [km/h].

Find the total distance traveled until the object stops.

Solution:
Denoting the distance traveled by the object by x and using the chain rule of differentiation

it follows that

dv_dv__dv_()=> YV iy o g +vad
R T v =av 2 v=dx X =X 2 v .
Now,
Vv ooy 1 v 1 c; + c,V?
J —dv=—j —zdv=—[—ln(cl+c2v2)] =——ln<1—22> )
v, A(V) v, €1 F C2V 2¢; v 2c;  \c1+ v
such that

1 ¢, + ¢, V2
x=xg—s—In{————) .
2c, ¢y + v

Next, with x, = 0, v, = 80 [km/h], and
@x = 0.2 [km]: V =60 [km/h] , @x = 0.4 [km]: V = 36 [km/h] ,

it follows that
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0.2 = 11(
.—Zczn

¢+ 3600c2) A 1 (c1 + 1296c2>

¢; + 6400c, = 2¢, "\, + 6400,

Solving these two equation for {c,, c,} yields

c; = 4585 [km/h’] , ¢, = 0.4874 [1/km] .
Hence, the total distance traveled until the object stops is given by substituting the values
of {cy, c,} together with {@x = 0.4 [km]: V = 0} into x, such that

x = 0.5324 [km] = 532.4 [m] .
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Problem Set 2 Solutions

Problem 1

Figure 2.1 shows a block being hauled to the surface over a curved track by a cable wound
around a 750 [mm] drum, which turns at the constant clockwise speed of 120 [rpm]. The
shape of the track is designed so that y = x2/16, where x and y are in meters.

1. Determine the acceleration of the block as a function of x.

2. Find the magnitude of the acceleration of the block as it reaches a level of 1 [m] below

the top.
€ +— X <«
y |
l 750 [mm]
e,
Figure 2.1
Solution:

The velocity of this block takes the form
v =se; ,
where the speed s of the block is given by

. wD 21
S=— , w= 120 [rpm] = 120 (@> = 4 [rad/s] =

s =2nD [m/s] .

Moreover, the unit tangent vector can be expressed as
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_dx  dxdx B N dx 1 _x? s
€tTds Tdxds TR TYR 0 5T J1+ (dy/dx)? 'Y= 16

e, = — (8e, + xe,) .

1
Vx? + 64
Notice that the minus sign in dx/ds must be included since each time s increases, x

decreases (cf. Fig. 1.1). Therefore,

) 2nD (8e, + )
v =35e;, = ——=(8e; + xe,) .
‘ Va2 + 64 2
Next, the acceleration of the block is given by
. _dv__ l6mDx . S B 2nD
a—v—ax—m(xe1—8e2),x—— p 2—— ; — =
ay T %7
(@) v
256m2D?
a= m (—X81 + 862) .

Hence, as the block reaches a level of 1 [m] below the top it follows that the magnitude of
the acceleration of the block reduces to
y=1[m] = x=4[m] ; D=0.75[m] =

_ 256m2(0.75)?

~ 1.986 [m/s?] .
8080 (m/s°]

|a|
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Problem 2

The pin P shown in Fig. 2.2 is constrained to move in the slotted guides A and B which
move at right angles to one another. At the instant represented, A has a velocity to the right
of 0.2 [m/s] which is decreasing at the rate of 0.75 [m/s] each second. At the same time,
B is moving down with a velocity of 0.15[m/s] which is decreasing at the rate of
0.5 [m/s] each second.

1. For this instant, find the radius of curvature p of the path followed by P.

2. ls it possible to also determine the time rate of change of p.

Solution:
The velocity and acceleration of the pin P are given, respectively, by
v =0.2e; — 0.15e, [m/s] , a =0.75e; — 0.5e, [m/s?] .

Moreover, the unit tangent vector to the path followed by P takes the form
v
e; =—=0.8e; — 0.6e, .

v

Therefore, the normal component of the acceleration of P becomes
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a, =|la—(a-e)e,] =0.05[m/s?] .

Now, using the relation

% |v|?
a, =—= —— ,
"p p
it follows that
v 2
p=u = 1.25[m] .
an

Next, recall that the radius of curvature can be expressed in terms of the speed s of P and

the angular rate 8 of the radial line from P to the center of curvature in the form

s$=pp .
Hence,
§=pB+pf =
. §—-pB , §
p= - ; S=la-e] , f=—.
[ ‘ p

This shows that p cannot be determined until the angular acceleration £ of the radial line

from P to the center of curvature is known.
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Problem 3

A particle is constrained to move along a track characterized by the function y = 2x3/2,
where x and y are in meters. The distance s(t) actually traveled by the particle as it moves
along the track is given by s(t) = 2t3, where t denotes the time in seconds.

Initially, at the time t = 0, x = 0.

At the instant when t = 1 [s]:

1. Find the radius of curvature of the particle path.

2. Find the magnitude of the acceleration of the particle.

Solution:

First, recall that
dy2
()
S=X + dx

1

2

= [(aar > Loz =
0

Hence,

dx x(1)
6t% = E\/l +9x =

0

x(1)==[m] .

QO| ®©

Next, the position, velocity, and acceleration of the particle at t = 1[s] are given,

respectively, by

.2
X
x=xe, +2x%%e, , v= x(es +3Vxe,) , a=5c'e1+3<5€\/x+_>ez )

2Vx
where,

, § 612 ) 12t 27%
X = = » X = 172 7 =
V1+9x +1+9x (1+9%) (1+9x)
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x(1) =2[m/s] , (1) =2[m/s?] .

Therefore, the values of v and a at t = 1 [s] reduce, respectively, to

v(1) = 2e; + 42 e, [m/s] , a(l) = 2e, %—%e2 [m/s?] .

Next, the normal component of the acceleration of the particle at t = 1 [s] takes the form

1) 1 2V2
an(l) — |a_ (a. et)et|t=1[5] , et(l) = |ZE1;| = 561 +Tez =
3vV2
an(1) = TW [m/s°]

Consequently, the radius of curvature of the particle path is given by

()2
(D)

p(1) =12V2 [m] ~ 17 [m] .
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Problem 4
A particle moves in the x-y plane at constant speed b along a track characterized by the
function y = y(x), where x and y are in meters. Also, let s denote the actual distance
traveled by the particle along the track.
1. Assuming that dx/ds > 0, show that
ds dy\?
== (@)
2. Use the chain rule of differentiation to determine the velocity of the particle as a
function of x.
3. Use the chain rule of differentiation to determine the acceleration of the particle as a
function of x.
4. Show that the radius of curvature at any point along the particle path is given by
3/2
[+ @]

a’y
dx?

5. Determine the unit normal vector e,, at any point along the particle path as a function
of x.

Solution:

Recall that the unit tangent vector e; is defined by

dx

=g

e.-re,=1, x=xe; +ye, ,

so that

e (2 e (2] -
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2-1/2

ds dy
dx [1 +(3)
Thus, the velocity of the particle is given by

. _dx _dxdx 1+<dy>2_ ( +dy )=>
VESe s G T S T dxds dx €1 T x &2

-1/2
dy 2 dy
"—b[”(a)l (e”aez)

Next, recall that the derivative of e, with respect to s is given by

(@)
de, 1 11 dx
s pn T ”‘&‘&d_xr def
ds dx ds dx
where,
-3/2 -1/2
de, _ 1+(d_y)2 d_ydz_y(e +d_ye)+ 1+(d_y)2 ay
dx dx dx dx2\"' " dx 2 dx dx2 2

_ 1+<dy) _mdzy( dy . )
= dx a2\ ax 17Tz

Consequently,

1/2 273/2
dy 2 dy
[”(a) l [”(a) l
—-3/2 271/2 dzy :
dy\?| " d2y dy =2
ll + (a) l W Il + (a) dxz

Now, the acceleration of the particle takes the form
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where,
_ de;  degdx 1 ( dy N >
=P s TP axds dy21/2 dx S1 7€)
ll‘i‘(a)l
such that
d?y
2
_ e (dy )
a= > __el+ez
dyz dx
1+(a)
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Problem Set 3 Solutions

Problem 1
A particle moving along a curve in space has coordinates in millimeters which vary with
time t in seconds according to
x = 60cos(wt) , y=40sin(wt) , z=30t? ,
where w = 2 [rad/s].
1. Plot the path of the particle over the time interval 0 < t < 20 [s].
At the instant when t = 4 [s]:
2. Determine the unit normal and unit tangent vectors of the particle path.
3. Find the velocity of the particle.
4. Find the acceleration of the particle.
5. Find the radius of curvature of the particle path.
Solution:
The path of the particle is shown in Fig. 3.1. Now, the position of the particle is given by
x = 60 cos(wt) e; + 40 sin(wt) e, + 30t2%e; .
Hence, the unit tangent vector to the particle path can be expressed as

B dx/dt _ 3w sin(wt) e; + 2w cos(wt) e, + 3te;
|dx/dt| J9t2 + w2[9 — 5 cos(wt)]

€

such that

Mahmoud M. Safadi 17 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

12000
10000
8000

6000

z [mm]

4000

100

¥ [mm] -40 100 x [mm]

Also, the unit normal to the particle path is given by

_ deg/dt
“r = de,/dt|

However, it is more convenient to calculate e,, using the acceleration of the particle as will
be shown next.
The velocity of the particle takes the form

v = —60w sin(wt) e; + 40w cos(wt) e, + 60te;
such that

v(4) = —118.7e, — 11.64e, + 240e; [mm/s] .

Furthermore, the acceleration of the particle becomes

a = —60w? cos(wt) e; — 40w? sin(wt) e, + 60e;
such that

a(4) = 34.92e, — 158.3e, + 60e; [mm/s”| .
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Next, the normal component of the total acceleration at the time t = 4 [s] is given by
a,(4) =[a— (a-e)e]is[s) = 95.91e; — 156.3e, + 19.58e; [mm/s°] .
Thus, the unit normal vector to the particle path at the time t = 4 [s] reduces to

a,(4)
= = 0.329e, — 0.937 A17e5 .
e, 2, ()] 0.329e; — 0.937e, + 0 e;

Also, the radius of curvature of the particle path at the time t = 4 [s] takes the form

_lv@)?
T a,(4)

= 430.5 [mm].
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Problem 2

Figure 3.2 shows a particle moving along a track inside a vertical cylinder of radius 2 [m].

At the instant represented, the particle passes through the point A with an acceleration of

10 [m/s?] at an angle of 30° with respect to the horizontal plane, and it increases its speed

along the track at the rate of 8 [m/s] each second.

For this instant:

1.

2.

Determine the velocity of the particle in terms of cylindrical-polar coordinates.
Find the angular speed 6 of the particle.
Find the angular acceleration 6 of the particle.

Find the vertical component of the acceleration of the particle.

S
€t
300 X3
erg 0
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Solution:
The total |al|, tangential |a;| and normal |a,,| accelerations of the particle at the instant

represented in Fig. 3.2 are given, respectively, by

82

.. S
lal =10[m/s°] , lad =5 =8[m/s"] , lanl =—=/laP —]al* = 6 [m/s’] .
Moreover, the unit tangent vector to the particle path takes the form

V3 1
e, = cos(30°) e +sin(30°) e3 = —-eg +5e5

so that the corresponding unit normal vector reduces to
e,re,=e,-e3=0 > e,=—e, .
Notice that the minus sign is taken since e,, points toward the center of curvature.
Thus,
a=lale, + |a,le, = —6e, + 43 ey + 4de; .
Now, recall that the acceleration can be expressed in terms of cylindrical-polar coordinates
in the form
a=(#-10%)e, + (r6 +210)eg + %ze3 , r=2[m] , #=0, ¥=0,
such that
—202=—-6 = 60 =+3[rad/s] , 26 =4V3 = @ =2V3[rad/s?] ,
%3 =4 [m/s?] .
Next, using Fig. 1.1 it follows that

16 . ré _ 2v/3 —4
5= cos(30°) 7 5= cos(30°)  v3/2 [m/s] .

Consequently,

v =3se, = 2V3 ey + 2e5 [m/s] .
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Problem 3

The cam shown in Fig. 3.3 is designed so that the center of the roller A which follows the

contour moves on a limagon defined by r = b — c cos(f), where b > c and S is the angle

between the line OB fixed to the limacon and the slotted arm. The base vectors {e,., ey} of

the polar coordinate system are fixed to the slotted bar. Moreover, take b = 100 [mm] and

¢ = 75 [mm].

At the instant when g = 30°:

1. Determine the total acceleration of the roller A if the slotted arm revolves with a
constant counterclockwise angular speed of 40 [rpm] while the limagon stays fixed.

2. Determine the total acceleration of the roller A if the slotted arm stays fixed while the
limacon revolves with a constant clockwise angular speed of 30 [rpm].

3. Determine the total acceleration of the roller A if the slotted arm revolves with a
constant counterclockwise angular speed of 40 [rpm] while the limacon revolves with

a constant clockwise angular speed of 30 [rpm)].

Figure 3.3
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Solution:
Using the geometry in Fig. 3.3, the angle ¢ is related to the angles {6, 8} by
¢ = B -6 )

such that

L=0+¢ .

Next, using this expression, the position, velocity and acceleration of the roller A expressed

in terms of polar coordinates are given, respectively, by
x =[b—ccos(B)le, ,

v =c(¢ +0)sin(B) e, + [b — ccos(B)]0eqg ,

a= [c {(d) + 9)2 + 92} cos(B) — béz] e, +2c(¢p+6)0sin(B) ey .

Case 1:
9=4O[rpm]=4?n [rad/s] , ¢ =0, B =30° =
a=0525e, +1.316 eg [m/s”] .
Case 2:
6=0, ¢ =-30[rpm] = —r [rad/s] , B =30° =
a=0641e,[m/s*] .
Case 3:

. 4m .
6= Y [rad/s] , ¢ = —m[rad/s] , B =30° =

a=-0544e, +0.329 eg [m/s”] .
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Problem 4

The hollow tube shown in Fig. 3.4 is inclined at an angle « to the vertical axis and it rotates
along a circular path of radius R with a constant angular speed about the vertical axis. A
particle P moves inside the tube under the control of an inextensible string which is held
fixed at the point D. Moreover, the coordinate system e; is fixed to the tube, the distance
traveled by the particle as it moves along the tube from the fixed point B is denoted by s,
and the angle between the radial lines OC and OD is denoted by ¢.

Initially, at the timet = 0, ¢ = 0and s = 0.

1. Determine the velocity of the particle P.
2. Determine the acceleration of the particle P.
3. Determine the velocity of the particle P along the tube.

4. Determine the acceleration of the particle P along the tube.
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Solution:
The system e; is defined by
éi=wxe , w=—0e; , e;=cos(a)e] +sin(a)e; .

The angular speeds 6 and ¢ can be related using the velocity v, of the upper end of the
hollow tube, such that

xcp =Ley = ve=—0[cos(a)e] +sin(a) e;] X Le} = —OLsin(a) e} ,

Xc/0 = Rlsin(¢) e; + cos(¢p) e;] = v = Rp[cos(¢) e; — sin(¢p) e,] ,
where L denotes the length of the tube, the unit vector e, points rightward and the unit

vector e, is defined by e; = e, X e5. Therefore,

6Lsin(a) = Rp = ¢ .

o= L sin(a)
Now, using the geometry in Fig. 3.4 at the time t = 0, i.e. when the upper end C of the

hollow tube coincides with the fixed point D, it follows that
sin(a) = T
Hence,
0=¢ .

Next, the velocity of the particle P is given by

Xpp = Xp =se; = v, =%+w X xp = $ej — pssin(a) e}, .
However,
s = |xC/D| = 2Rsin(§) = $=R¢cos (%) ,
so that
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v, = R cos (%) e} — 2R¢ sin(a) sin (%) e,

Furthermore, using the Table 3.1,

!

e; e; €3
) —¢ cos(a) 0 —¢ sin(a)
Vp R¢ cos (%) —2R¢ sin(a) sin (%) 0
P2
Svp/8t —%sin (%) —R¢? sin(a) cos (%) 0
® X Vp | —2RP?sin?(a) sin (%) —R¢? sin(a) cos (%) R¢? sin(2a) sin <§)
Table 3.1

the acceleration of the particle P,

ovp
ap=7+w><vp ,

takes the form

ap = —R¢$? sin (%) E + 2 sin? (a)] e, — 2R¢? sin(a) cos (%) e,

+ R¢? sin(2a) sin (%) e .
Next, the velocity of the particle P along the tube is given by

0 Ne' J / . 1 H ¢ ’
¢ [(xp - eei] = = (se1) = se; = R cos (E) e; .

Moreover, the acceleration of the particle P along the tube takes the form

2

% [(xp - eDel] = %[Rq_’) cos (%) e'l] = - R;}.’SZ sin (%) ej .
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Problem Set 4 Solutions

Problem 1

The two ends € and D of the bar €D shown in Fig. 4.1 are confined to move in the rotating
slots of the right-angled frame ABF, which is hinged at B to a car that moves to the right
with a constant speed v;. The angular speed of the frame about B is 8 and is constant for
the interval of motion concerned. Moreover, the whole system is accelerated upward with
a constant acceleration a.

Initially, at the time t = 0, y = 8 = 0° and the acceleration of the system is zero.

1. Determine the velocity of the midpoint E of the bar CD.

2. Determine the velocity of E relative C.

3. Determine the acceleration of E.
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Solution:
The system e; rotates with the angular velocity w, such that
él=wxe, , w=0e; .

Now, the position of E relative to B is given by

L . )
Xg/p = Xc/p t+ Xgyc =L cos(y) ej + 2 [— cos(y) e} + sin(y) e;]

[cos(y) e1 +sin(y) e3] ,

N~

so that the velocity of E relative to B becomes

Vp/p = 5t +wXxp/p = T[— sin(y) e + cos(y) e5] .
Moreover, the acceleration and velocity of B take the forms
ag = aqpge, > v =v5(0)+agte, = vie; + apte, .

Thus, the velocity of E reduces to

+O)L ,

Vg = Vg +Vg/p = V€1 + apte, + — [—sin(y) e] + cos(y) e5] .

However,
e; =cos(f) e, +sin(B) e, , e, = —sin(f) e, + cos(f) e, ,
such that
(y+6é)L _
v = |v, — T{sm(y) cos(0) + cos(y)sin(8)}| e,
(y+06)L _ ,
+ |aot + T{cos(y) cos(8) — sin(y) sin(6)}| e, .
Equivalently,
7+ 0)L 7+ 0)L
v = lvl - %sin(y + 9)] e; + Iaot + %cos(y + 9)] e, .
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Furthermore, the acceleration E takes the form

.\ 2 2\ 2
7 +0) L /7 +60) L
ap = vp = —%cos(y+6) e, + ao—%sin(y+9) e,

Next, the position and velocity of C relative to B are given by

SxC/B
ot

xcp=Lcos(y) ey = v = + X x¢/p = —yLsin(y) e} + 6L cos(y) e} .

Hence, the velocity of C reduces to
Ve =Vp + V¢ = V165 + agte, —yLsin(y) e} +0Lcos(y) e .
Using the transformation relations given previously, it follows that
v = [v; — yLsin(y) cos(8) — L cos(y) sin(6)]e;
+ [aot — yLsin(y) sin(0) + 0L cos(y) cos(@)]ez .

Consequently, the velocity of E relative to C becomes

Vg =L l— v ; 9) sin(y + 0) + y sin(y) cos(8) + 6 cos(y) sin(@)l e,
+ L [(y ; 9) cos(y + 0) + y sin(y) sin(0) — 6 cos(y) cos(@)l e, .
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Problem 2

A car at latitude A on the rotating earth drives straight north with a constant speed v, as
shown in Fig. 4.2. The coordinate system e;’ is fixed to the earth which rotates about its
axis e, once every 24 hours, and the coordinate system e; traces the motion of the car on
the surface of the earth.

Determine the acceleration of the car.

Solution:
The system {e;’, e;} rotate with the angular velocities {Q, w}, respectively, such that
el =Qxe! , Q=Q0e) ; éi=wxe, , o=0Q+1e,=0e} + e, .
Also, these coordinate systems are related by
e; =cos() ey +sin(d)e; , e, = —sin(1) ey +cos(A) e, , e; =ej .
Next, the position x of the car relative to the fixed origin O should be expressed in terms

of the coordinate system e;’ since the velocity of the car relative to the earth is known and

given by
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S[(x - e )e;
% = ve, = v[—sin(1) e] + cos(1) e;] .

To this end, denoting the radius of the earth by R, it follows that

X = Rye; = Rg[cos(1) e] +sin(d) e;] =

6 X - e” e” .
% = ARg[—sin(2) e} + cos(d) e;] .

Therefore,
i = v
=R
Now, using Table 4.1,
e/ e, es
Q 0 Q 0
x R, cos(A) R, sin(4) 0
ox/6t —vsin(1) v cos(A) 0
QXx 0 0 —QR, cos(4)
v —vsin(4) v cos(A) —QR, cos(4)
v? v?
ov/6t ——cos(1) ——sin(A) Qu sin(A)
R@ 2]
QXv —Q?R,, cos(A) 0 Qv sin(1)
172 172
a —|=—+ 02 )cos(A) ——sin(1) 2Qv sin(1)
R@ R@
Table 4.1

the velocity and acceleration of the car are given, respectively, by
v = v[—sin(4) e} + cos(1) e;] — QR cos(A) e5

v? v’
a=— <_ + QZ) cos(A) e — R_Sin(l) e; +2Qusin(2) e .

53] [52]
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Problem 3

Consider the assembly shown in Fig. 4.3. The motor turns the disk at the constant speed ¢.
The motor is also swiveling about the horizontal axis that passes through the point B at the
constant speed 6. Simultaneously, the assembly is rotating about the vertical axis e’ at the
constant rate 1. The system e} is fixed to the shaft BC, such that {e}, e}, e, } are always in
the same plane.

1. Determine the angular acceleration of the disk.

2. Determine the velocity and acceleration of the center C of the disk.

Next, consider the point P which is located at a distance R from the center C of the disk.
3. Determine the velocity and acceleration of P relative to C.

4. Detertmine the velocity and acceleration of P.
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Solution:

The system {e;’, e;} rotate with the angular velocities {Q, A}, respectively, such that
e/ =Qxe’ , Q=1ye) ; ei=Axe} , A=Q+0e; =1)e) +0e} .

Also, these coordinate systems are related by (see Fig. 4.4)

e; = cos(f) e +sin(B) e, , e, =—sin(f) ey +cos(f)e; , e; =e3 .
ell
e, 2
q “
A e’l’
Figure 4.4

Therefore, the angular velocity w of the disk is given by
w = de; + A = de| + ey + 0es = ¢ cos(0) ef + [¢psin(0) + Plel + bey .

Moreover, using Table 4.2,

ey el ey
Q 0 Y 0
w ¢ cos(0) ¢ sin(0) + ¥ 0
Sw /bt —$0 sin() $6 cos(H) 0
QX w Yo 0 —1)6 cos(6)
) 0y — ¢ sin()] $0 cos(0) —1)0 cos(0)
Table 4.2

the angular acceleration @ of the disk takes the form
w = 9[1/} — ¢ sin(H)]e’l’ + ¢0 cos(0) ey — P8 cos(0) e}y .
Next, the position of the center C of the disk is given by

Xc = xp +xc/p = bel +de} = [b+dcos(8)]e] + dsin(6) e;
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Thus, using Table 4.3,

ey e, ey
Q 0 " 0
Xc b + d cos(0) d sin(0) 0
5xc/ 5t —0d sin(0) 6d cos(6) 0
QX x, 0 0 —[b + d cos(8)]
Ve —0d sin(0) 6d cos(6) —[b + d cos(8)]
Sv. /6t —62d cos(6) —62d sin(0) Y0d sin(0)
QX v, —%[b + d cos(6)] 0 Y0d sin(0)
2
a; w_gjz;ll_izc()zge)] —62d sin(0) 21p8d sin(0)
Table 4.3

the velocity and acceleration of C are given, respectively, by
v = —0d sin(8) e} + 6d cos(8) e, — [b + d cos()]el ,
ac = —[*{b + d cos(6)} + 62d cos(9)|ey — 62d sin(0) e} + 2¢6d sin(0) e}
Next, the position of the point P relative to C takes the form
xp/c = R[cos() e; + sin(¢) e5]
= R[—sin(0) cos(¢) e7 + cos(¢p) cos(8) e}, + sin(¢p) e5] .

Equivalently,
1 _ 1
Xp/c =R|[— E{sm(@ + ¢) +sin(6 — ¢p)}el + E{cos(@ + ¢) + cos(6 — ¢)}e,
+ sin(¢) eg’]
For convenience, denote

a=0+¢ , p=60—-¢ ,

such that

Xp/c =R —%{sin(a) + sin(B)}e] + %{cos(a) + cos(B)}ey + sin(¢p) e’3’] .
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Consequently, using Table 4.4, the velocity and acceleration of P relative to C are given,

respectively, by

, ' ' R .
vp;c =R [1/) sin(¢) — %cos(a) — gcos(ﬁ)l el — 5 [d sin(a) + B sin(ﬁ)]e’z’
+R Iqb cos(¢p) + %{sin(a) + sin(ﬁ)}l e; ,
E @2 32 o
ap;c =R [7 {sin(a) + cos(a)} + 7sin(a) + 7sin(ﬁ) + 2y ¢ cos(p) | ey

_k [¢% cos(a) + 52 cos(B)]ey
2 2
+ R[(? — $?) sin(¢p) + a cos(a) + P cos(B)]ey ,
with,
a=0+¢ , B=0-¢ ; a=0+¢ , f=6—¢ .
Next, using the expressions for {vc, Vp/c, Qg ap/c} obtained previously, the velocity and
acceleration of P become

vP:vP/C+vC ) ap:ap/c‘l‘ac .
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ey e; e3
Q 0 " 0
Xp/c — 5 sin(a) — B sin(p) B cos(a) + E cos(B) R sin(¢)
2 . 2 2 2
—a?cos(a) —%sin(a)
8xp/c/6t 4R AR @R cos(¢)
——cos(B) — —sin(p)
2 2
—sin(a)
Q x xpc YR sin($) 0 LR
+ > sin(B)
R . @R cos(¢)
_TCOS(Q) —ﬁsin(a) YR
_ R 2 + N sin(a)
— —cos(pB) BR -
2 ——-sin(B) YR
+ YR sin(¢) 2 T sin(f)
R B —$2R sin(¢)
Tsm(a) ———cos(a) YR
Svp)c/ 5t B2R 2 5 cos(@)
+ ——sin(p) B*R »
2 — ——cos(B) YBR
+ YR cos(¢) 2 T cos(f)
PR cos() IIJZR cos(a)
/2 ..

QX vp/c + ZR [sin(a) 0 + ‘/’5 R cos(p)
+sin(B)] 2R sin(¢)
7R

Tsin(a)
52 .2p —$?R sin(¢)
. +'BTsin(ﬁ) —Tcos(a) + R cos(a)
p/c + 2Y@R cos(¢) B2R cos(8) + Y8R cos(B)
2 S — . ,
N 1/J2R (sin(a) 2 + 2R sin(¢)
+ cos(a)]
Table 4.4
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Problem Set 5 Solutions

Problem 1
End A of the rigid link AB is confined to move in the negative e, direction while end B is
confined to move along the vertical axis. Determine the component w,, normal to AB of

the angular velocity of the link as it passes the position shown in Fig. 5.1 with the speed

v, = 0.3 [m/s].
€
A
600 [mm]
e, 300 [mm)]
Figure 5.1
Solution:

The position and velocity of B relative to A are given, respectively, by
xB/A = 0.633 — (0.281 + 0.382) = _0.231 - 0.332 + 0.683 [m] ,
vB/A = UBe3 - (_0331) == vB/A = 0.361 + 17363 [m/S] .

Now, recall that v, 4 is perpendicular to xg /4, i.€.,
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Vp/a*Xp/a=0 .
Therefore,
(0.3e; + vges) - (—0.2e; — 0.3e, + 0.6e3) =0 = vz =0.1[m/s] .
Furthermore,
Vp/a = 0.3e; + 0.1e3 [m/s] .
Consequently, w,, takes the form

e X v X X v 1
w, = B/A B/A _ ZB/A B/A=E(—3e1+20e2+9e3) [rad/s] .

[%5/4] |25/
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Problem 2
Determine the angular velocity of the telescoping link BC for the position shown in Fig.

5.2, where the driving links AB and CD have the angular velocities indicate.

Figure 5.2

Solution:
The velocities of B and C are given, respectively, by
vp =gy = @ X x5,, = —0.5e3 X 0.075e; = —0.0375e, [rad/s] ,
Ve =vep = 0P X xc/p = —0.5e;5 x 0.1e, = 0.05e, [rad/s] .
Thus, the angular velocity wZ¢ of the telescoping link BC takes the form

Bc _ XB/c X VB/C

w 2
|xB/C|

, xB/C = _022581 + 0.1582 [m] ,

vg,c = —(0.05e; + 0.0375e;) [rad/s] =

wB¢ = 0.218e; [rad/s] .
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Problem 3

The slotted wheel of radius R = 60 [cm] shown in Fig. 5.3 rolls on the horizontal plane in
a circle of radius L = 60 [cm]. The wheel shaft BC is pivoted about an axis through the
point B at one end, and is driven by the vertical shaft at the constant rate ¢ = 4 [rad/s]
about the vertical axis. The slider P moves in the slot and its radial distance relative to the
center of the disk is denoted by s(t). The system {e;’, e;} are fixed to BC and the wheel,
respectively, and they are always in the same plane with 8 denoting the angle between the
axes e; and ey’

1. Determine the angular velocity of the disk.

2. Determine the angular velocity of the disk for the position 8 = 30°.

3. Determine the velocity and acceleration of the slider P.

BC—e), e

R = 60 [cm]

E
o o o o o o o o o o o o o o o o o o o o o o o o o o

Figure 5.3
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Solution:
Let {w, Q} denote the angular velocities of the wheel and its shaft, respectively, such that
el =Qxe , Q=gel ,

él=wxe, , o=Q+e, = pel + e, ,
where 1 is angular speed of the wheel relative to BC.
Next, since the wheel rolls without slipping on the horizontal plane, it follows that the
velocity vg ¢ of the point E fixed to the disk relative to the point E” fixed to the horizontal
plane vanishes, such that

Vg =0, vp=0 = vy;=0 .
Moreover, vg can be expressed as
Vg =Vc+®XXg/c ,

where,

Ve = Ve = QX xcp = ey’ X Lely = plely .
Therefore,

ve = pLey + (dey +pey) x (—Rey) = (L +YR)es =0 =

. L
1,[}-—?——4 [rad/s] .

Substituting this value into w yields
w =4(ef —ey) [rad/s] .
Furthermore, expressing w in terms of the coordinate system e}, it follows that
o = 4[cos(0) e; — e, —sin(0) e5] [rad/s] .

Hence, the value w(30°) of w at the position 8 = 30° is given by
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V3 1
w(30°) =4 <7e’1 —e,— Ee’3> [rad/s] .
Next, the velocity v, and acceleration a, of the slider P take the forms
Vp =V +Vpc , Vo= Pley ;

ap=ac+ap;c , ac = PL(Ppel x ey) = —¢2Ley .

where the velocity vy, and acceleration ap /¢ of P relative to C are given in Table 5.1.

ey e; es
Q é 0 0
Xp/c scos(6) s sin(6@) 0
8xp/c/6t | scos(B) —Ossin(0) | $sin(@) + Os cos(0) 0
QX xXp/c 0 0 ¢s sin(6)
Vp/c $cos(0) — Os sin(6) $sin(6) + s cos(6) ¢s sin(6)
S /5t (5 — 62s) cos(9) (5 — 62s) sin(6) $[$ sin(6)
p/C — (és + 295’) sin(0) + (95 + 295’) cos(8) + 0s cos(@)]
QX vp ¢ 0 —$?s sin(0) f[;;:;(f()e)]
(5 — 625) cos(9) [5— (62 + ¢?)s] sin(6) 2¢|[s sin()
/e - (és + 295‘) sin(0) | + (és + 2é$) cos(6) + 0s cos(@)]
Table 5.1
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Problem 4

The hollow curved member OF shown in Fig. 5.4 rotates counterclockwise at a constant

rate ¢ = 2 [rad/s], and the pin A causes the link BC to rotate as well. For the instant when
6 =30°, B=45°, H=280[mm] , L =120 [mm] ,

where £ is the angle between the vertical axis and the tangent to OF at A, determine the

velocity of end B of the link BC.

Solution:

The velocity of the pin A fixed to the link BC is given by
Xa/c = L[sin(6) e; — cos(8) e,] = v, = OL[cos(6) e, + sin(6) e,] .
On the other hand, the velocity v,/ of the point A’ fixed to the curved member OE which
is instantaneously in contact with A takes the form
X410 = Xcjo + X41/c = Lsin(0) e; + [H — Lcos(6)]e, =
vy = pes X x40 = P[—{H — L cos(8)}e, + Lsin(6) e,] .

Next, since the pin A is confined to move along OE, it follows that
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Vo m=0,
where n is the unit normal to OF at A. Therefore, with the help of the unit tangent ¢t to OE
atA,i.e.,
t = cos(B)e; +sin(B) e, ,
it follows that
n=e; xt=—sin(f)e; +cos(f)e, .
Consequently, the angular speed @ of the link BC is given by

—[0L cos(8) + ¢{H — L cos(8)}] sin(B) + [0L sin(8) — $Lsin(0)] cos(B) =0 =

) |sin(6) + {% — cos(H)}tan(ﬁ)
0=-¢ cos(@) tan(B) — sin(9) = —10.75 [rad/s] -

Next, the velocity vy of end B of the link BC takes the form
Xg/c = 2L[sin(6) e; — cos(0) e;] =

vy = 20L[cos(0) e, + sin(0) e,] = —2.234e, — 1.290e, [m/s] .
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Problem Set 6 Solutions

Problem 1

Fig. 6.1 shows an astronaut training facility. The drum swivels about the horizontal axis
e! that passes through the hinge A at the rate 5. The training room is located inside the
drum and it rotates about the axis e at the rate 1. Simultaneously, the training facility
rotates about the vertical axis e} at the rate Q0 . At the instant when

=0, B=09]([rad/s] , @=0.2[rad/s] , ¥ =0.9 [rad/s] ,

determine the angular velocity and acceleration of the training room.

A AL AL IS SIS ST A

Figure 6.1
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Solution:
Let {Q, w} denote the angular velocities of the coordinate systems {e;’, e;}, such that

el =Qxe! , Q=0e) ; éi=wxe, , o=Q+fe;=0e)+pe; .
Moreover, these coordinate systems are related by

e; = cos(B) ey +sin(B)e, , e, =—sin(B)e] +cos(B)e;, , e; =ey .
Next, the angular velocity A of the training room takes the form

A = w + e} = e + Qey + fes =P cos(B) ef + [Q+ P sin(B)]el + pel
Substituting the values given previously, it follows that
Q = 0.9e} + 0.2e, + 0.9 [rad/s] .

Now, using Table 6.1,

e/ e, ey

Q 0 Q 0

A 1/) cos(f) Q+ 1/1 sin(B) ,8
5A/6t i/ C_0§([_?) Q.+ sin(p) p

—Pp sin(B) +p cos(B)

QxA 0p 0 —Q cos(p)

: i cos(B) O + P sin(B) .

A S ggsingg) +ap + 9 cos(B) § = Qi cos(p)

Table 6.1

the angular velocity A of the training room becomes
A =0.18¢} + 0.81e} — 0.18e} [rad/s?] .

where use has been made of the values given previously.
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Problem 2

The 20 [kg] block A is placed on top of the 100 [kg] block B, as shown in Fig. 6.2. Block
A is being pulled horizontally by a rope with a pull magnitude of P. If the coefficient of
static and kinetic friction between the two blocks are both essentially the same value of
0.5, and the horizontal plane is frictionless:

1. Plot the acceleration of each block as a function of P.

2. Determine the acceleration of each block for P = 60 [N] and P = 40 [N].

20 [kg] =

Figure 6.2
Solution:
(a) (b)
A —>2p A —— 2P
l f—
B | 20g l T N
20
v 9 N l
100g f—
€ R B |
L’ *
e, 100g
P
Figure 6.3

Mahmoud M. Safadi 47 M.B. Rubin



Dynamics (ME 34010) Homework Solutions

December 2017

The two blocks move with the same acceleration before block A starts slipping on top of

block B, as shown in Fig. 6.3a. Denoting the acceleration of the system by a it follows

from the balance of linear momentum that
2Pe; + (R — 1209)e, = 120ae; =

R =1200[N] , a=P/60 ~ 0.0167P [m/s?] .

Next, Fig. 6.3b shows the free body diagram of each block when A is slipping on top of B.

Denoting the accelerations of {4, B} by {a,, ag}, respectively, it follows from the balance

of linear momentum that

(2P - f)e, + (N — 20g)e, =20a, , f=uN =

N =20g =200 [N] , a, = 0.1P — 4.905 [m/s?] ,
and,

fe,+(P—N—-100g)e, = 100ag , f =uN =

P =1200[N] , az = 0.981 [m/s?] .
Now, the continuity of the accelerations yields
ay=a and ag =a = P =58.86[N] .

The plots of {a,, ag} as functions of P are shown in Fig. 6.4.

a [m/s?]
A ;o mmem a
lll ap
/4
4
/4
/
14
0.981
> PN
58.86 [N]
Fig. 6.4
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Next, assuming that A does not slip on top of B, it follows from the balance of linear for
each block that

2P - f)e, + (N —20g)e, =20a = N =1962[N] , 2P —f =20a ,
and,

fe,+(P—N—100g)e, = 100a = P =1177.2[N] , f =100a .
Solving these equations for f yields
f=5P/3~1.667P .
Moreover, since friction is static in this case,
f<usN => P <5886][N] .

Consequently, for P = 60 [N], block A slips on top of block B, so that

a, = 0.1(60) — 4.905 = 1.095 [m/s?] , agz = 0.01uN = 0.981 [m/s?] .
Also, for P = 40 [N], block A does not slip on top of block B, so that

ay, =ag =a = 0.667 [m/s?] .
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Problem 3

The sliders A and B are connected by a light rigid bar of length [ = 0.5 [m] and move in
the slots shown in Fig. 6.5. The slider A is being pulled horizontally by a constant force of
magnitude P = 40 [N]. For the position where x, = 0.4 [m], the velocity of A is given by
v, = 0.9 [m/s] to the right. At this instant:

1. Determine the acceleration of each slider.

2. Determine the force in the bar.

P = 40 [N]

Solution:
The velocities of A and B are given, respectively, by
vy =Xe; , Vg =-—ye, ,
Moreover, {x, y} are related to {x4, yz} by
X=Xy , Y=—Yp ; X=% , y=-Vp .

Moreover, using the geometry in Fig. 6.5, then
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XaXp XaXp . X5 + V5 + x4%,

x;+ys=0 = }}B:_)’B - = = Y=~ e

where,

)

x4=04[m] , x,=x=09[m/s] ; yg=—-12[m/s] = y=12[m/s] ,

X2+ Y&+ X454

VB =

VB 3

Next, using the free body diagrams shown in Fig. 6.6 for each block,

YT N

: \Tl l
1 ~
YBE T7\
:. _______ Q.X > P
X4 A
Ny
Figure 6.6
it follows that
P —Tcos(8) = mux , —Tsin(@) = —mgy ,
where,
X
cos(9) = TA =0.8 , sin(9) = yTB =0.6 .

Solving the three equations
. 4 ; .
y = 7.5+§xA , 40—-08T =2 , 0.6T =3y ,
for {x,y, T} yields

T=46.6[N] , ¥ =136[m/s?] , y =9.32[m/s?] .
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Problem 4

The small ball of mass m, shown in Fig. 6.7, is attached to a light bar of length L which

swivels about the horizontal axis through B at the constant rate 5. Simultaneously, the

vertical bar rotates about the vertical axis with a constant angular speed ¢.
1. Determine the acceleration of the ball.
2. Determine the tension T in the bar.

3. Determine the shear force exerted on the bar by the ball.

Express your answers in terms of {L, 8, 8, ¢, g}.

Figure 6.7

Solution:
The angular velocity of the coordinate system e; is denoted by w, such that
!

e;=wxe; , w=—g¢e; .

Now, the position of the ball is
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Thus, using Table 6.2, the velocity and acceleration of the ball take, respectively, the forms

v = BLcos(B) e — PL cos(B) e, — fLsin(B) e} ,

a = —p2Lsin(B) e} + 2¢LLsin(B) ey — (62 + $p?)Lcos(B) e} .

e} e, e;
) ) 0 0
X Lsin(B) 0 L cos(B)
Sx/6t BL cos(B) 0 —pLsin(B)
QXx 0 —@L cos(B) 0
v BL cos(B) —@L cos(B) —BLsin(B)
v/t —B>Lsin(B) ¢BLsin(B) —B>L cos(B)
QxXv 0 dBL sin(B) —¢2L cos(B)
a —B2Lsin(B) 2¢ 4L sin(B) —(B? + $*)L cos(B)
Table 6.2
T
mg
Figure 6.8

Next, using the free body diagram shown in Fig. 6.8 it follows that

T + mge; = T/e; = m[—[%Lsin(B) e} + 2¢BLsin(B) e, — (B2 + $?)L cos(B) e5] .

Thus,

T{ = —m|g + B%Lsin(B)] , T, = 2mdpLsin(B) , T;

Furthermore, the force R exerted on the bar by the ball is given by

Mahmoud M. Safadi
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R =-T =m[g + p2Lsin(B)]e; — 2m¢ppLsin(B) e} + m(B? + $2)L cos(B) e .
Therefore, the shear force S exerted on the bar by the ball takes the form
S=R—-(R-eye, , e, =sin(p)e; +cos(f)e;,

where e,, in is the unit direction of x.
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Problem Set 7 Solutions

Problem 1

The two springs of stiffness 800 [N/m] and unstretched length of 0.3 [m] are attached to
the collar of mass 10 [kg], which slides with negligible friction on the fixed vertical shaft
under the action of gravity, as shown in Fig. 7.1. The collar is released from rest at the top
position.

1. Determine the distance traveled by the collar along the vertical shaft.

2. Determine the velocity of the collar as it covers half of that distance.

Figure 7.1
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Solution:

The free body diagram of the collar is shown in Fig. 7.2.

mg

Figure 7.2

The velocity of the collar is given by
v=ye, .

The resultant force acting on the collar takes the form

F=F,+F,+F , F,=mge, , F, = —2T<L>e2 , F=Ne,; .
\0.42 + y?
Now, using the balance of energy, it follows that
Upyr=| (F-v)dt=0=AT+AV, +AV, ,

t1
where,

1 .
AT = Emyz =5y? , AV, = —(mge,) - ye, = —mgy = —98.1y ,

1 2
AV, = 2 k[l = 1)? = (I — lo)?] = 400 [( 047 +y2—03) —(0.4—03)? .

Thus,
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2
52 — 98.1y + 400 [( 016 +y2—03) — 0.01] =0 .

Next, the maximum distance traveled by the collar before bouncing back up corresponds

to the condition y = 0, so that
2
—98.1y0x + 400 [( 0.16 + Yax — 0.3) — 0.01] =0 = yp.=0.551[m] .
Using the same previous arguments with

y = y“;‘" — 0.2755 [m]

it follows from the balance of energy that

1 1 2
5y2 —98.1 (Eymax ) + 400 \/0.16 + (Eymax ) —-03] —001|=0 =

y = 1.856 [m/s] .
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Problem 2

The 10 [kg] bead A is released from rest in the position shown in Fig. 7.3 and slides freely
up the fixed circular rod AB of radius a = 2.4 [m] under the action of gravity and a
constant force P = 250 [N]. Then, the bead slides on the rough horizontal rod BC with a
kinetic friction of 0.5 under the action of gravity alone. Later, the bead sticks to a spring
of stiffness k at the left end C of the rod BC.

1. Determine the work done by the force P on the bead from A to B.

2. Determine the velocity of the bead as it passes through the point B.

3. Determine the work done by friction on the bead from B to C.

4. Determine the value of the spring’s stiffness k when it is maximally compressed by

10 [cm].

Figure 7.3
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Solution:

The free body diagrams of the bead are shown in Fig. 7.4.

P
mg mg

Figure 7.4
Using Fig. 7.4 (right), the work done by the force P on the bead from A to B is given by
=@ _ [ e
Upja = ] (Fp-vy)dt = (Pe, - yey)dt = P[y(tz) —y(0)] ,
0

0

where,

y(0)=0, y(tﬁzL—%z\/(a——) +a2—%=a .

In the last expression, L denotes the length of the inextensible rope. Thus,
U, = Pa = (250)(2.4) = 600 [J] .

Next, the velocity xz of the bead at B can be calculated using the balance of energy from

A to B, so that

7(P) 1 .2 1 .2
Ug/a =Pa=AT + AV, = S mig — (mge,) - (—aey) = > mis +mga =

B/A
iy = /Za (%— g) — 854 [m/s] .

Now, using Fig. 7.4 (middle), the work done by the force f on the bead from B to C is

given by
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tc
() _
UC/B _.ft

B

[-umge; - xe ]dt = —umg(Ax) = —umg(3a) = —353.16 []J] .

Moreover, the velocity x. of the bead at C can be calculated using the balance of energy
from B to C, so that

3 1
Uéf;% = —umg(3a) = AT + AV, = Em(xg —%3) =

Xc = /xé —6uga = 1.516 [m/s] .

Finally, using Fig. 7.4 (left), the balance of energy yields

— tp 1 1
t

Cc

where § denotes the compression in the spring. Now, at maximum compression, x, = 0

and 6 = 6.5 = 0.1 [m], so that

mxt

k=5~ 23 [kN/m] .
6max
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Problem 3

The small ball of mass m is attached to an inextensible rope of length L, as shown in Fig.
7.5. Initially, at the time t = 0, 8(0) = 8,, 8(0) = 0, and the particle is given a velocity
of v(0) = —v,yes;. Just afterwards, the rope begins swiveling about the horizontal axis
through B at the rate 6, and the vertical bar begins rotating about the vertical axis at the
rate ¢b. The system e!’ is fixed to the vertical bar and it lies in the plane containing the

!
system e;.

l e, «—— B

A
e; AT,

Figure 7.5

1. s the linear momentum of the ball conserved in the e direction?

2. Is the angular momentum of the ball about B conserved in the e direction?
3. Is the angular momentum of the ball about B conserved in the e} direction?
4. Does the rope do work on the ball?

5. Determine the kinetic energy of the ball.

6. Determine the values of 8 and ¢ in terms of {L, 0, 8, vy, g}.
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7. Determine the absolute acceleration of the ball.

8. Determine the tension in the rope.

Solution:
The systems {e;, e;'} rotate, respectively, with angular velocities {w, Q}, such that
el =Qxe , Q=—¢e] ; ei=wxe; , o =Q+0e; =—pe; +0ey .

Next, the free body diagram of the ball is shown in Fig. 7.6.

Figure 7.6

The resultant force acting on the particle is given by
F = [mg cos(0) — T]e; — mgsin(0) e, = [mg — T cos(6)]ey — T sin(0) e},
so that
F-e;=F-e;=0.

Since the direction ej (or e3) is not fixed in space, the linear momentum G - e; of the
particle in this direction is not necessarily conserved.
Next, the resultant moment acting on the particle about O takes the form

M, = x X F = —mgLsin(0) e; = —mgLsin(0) e; ,
such that

Mo'e:,]_,:() ) Mo'e,3,:O .
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Since the direction e is not fixed in space, the angular momentum H,, - e3 of the particle
about O in this direction is not necessarily conserved. However, since the direction e} is
fixed in space, the angular momentum H,, - e7 of the particle about O in this direction is
conserved.
Now, the position and velocity of the particle are given, respectively, by

x =Le; = Lcos(0) ey + Lsin(8) e}, ,

ox . . .
v= 5t + Q X x = —0Lsin(0) e + 6L cos(0) e, — ¢pLsin(0) e

Thus, the angular momentum H, of the particle about O becomes
H, = x x mv = —mL?¢ sin(0) e} + %mLqu sin(20) e, + mL?0e} ,
such that
H, e} = —mL*¢sin(8) ,
H,(0) - e} = [x(0) X (—muvye3)] - ey = —mv,yLsin(8,) =

v sin(6,)

—mlL?¢ sin(8) = —mvyLsin(6,) = ¢ = Lsin(8)

Next, the work done by the rope on the particle takes the form

t
U2/1=JFT-vdt , Fr = —Tcos(6)e] —Tsin(f) e, =
0

t
Uyy = ]0 [0L sin(6) T cos(6) — OL cos(9) T sin(0)|dt = 0 .

Therefore, the mechanical energy of the particle is conserved.

Next, using the balance of energy, it follows that
(T, =T + (Vg2 = V1) =0,

where,
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vs

1 1 ) .
T,—T, = Em[v -v—v(0)-v(0)] = EmL2 0% + ¢?sin?(0) ~7z|

Vga — Vg1 = —mgey - [x — x(0)] = —mgL[cos(6) — cos(8p)] ,

such that

2

02 = IZ—(Z) + ZTg [cos(0) — cos(By)] — p? sin?(0) .

Substituting the value of ¢ into this equation yields

/2
. [(vo 2 2g 1
0= [{T cos(@)} + T{cos(@) — cos(@o)}] .
The absolute acceleration of the particle takes the form

ov
a=—+QXv
ot

= —L[6? cos() + O sin(0)]e} + L[—(6% + $?) sin(0) + 6 cos(0) ey
— L[Zé(fb cos(0) + ¢ sin(9)]e’3’ .
Consequently,
F-ef=ma-ey = T=mL[6?+¢?—0cot(0)] ,
where,

0 =— sin(6) IUTS cos(@) — gl

L
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Problem 4

An object of mass m = 2 [kg] moves on the inside of a smooth conical dish of radius

R = 3 [m] and edge length of Y =5 [m] while being attached to a vertical spring of

stiffness k = 300 [N/m], as shown in Fig. 7.7. Atthe time t = 0, x(0) = 4 [m], the spring

is unstretched and the object is given a velocity v, = 3 [m/s] tangent to the horizontal rim

of the surface of the dish.

1. Write down the equation of motion of the object.

2. Determine the minimal distance traveled by the particle relative to the bottom end of
the dish.

3. Determine the velocity of the particle at that distance.

Figure 7.7
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Solution:

Figure 7.8

The angle a defined in Fig. 7.8 is given by

3 VY2 —R2 4
= ,cos(a)=—=§.

sin(a) = < v

=<~

Also, the system e; traces the motion of the object, such that
él=wxe, , w=0e; .
Now, the position and velocity of the object are given, respectively, by
x = Le; + x[sin(a) e] + cos(a) e5] = xsin(a) e; + [L + x cos(a)]e; ,
v =x = xsin(a) e} + Oxsin(a) e, + x cos(a) e3 .
Next, using the free body diagram of the object, shown in Fig.7.8 (right), the resultant force

acting on the object takes the form

F=F;+F,+F; F;=-mge;; F,=—T[sin(a)e]+ cos(a)e;],
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1 1 —
Tzzk(l—L) =§kx ; F = N[—cos(a)e] +sin(a) e5] ,
Thus, the balance of energy equation yields

t
l_]2/1=fF'vdtzoz(TZ_T1)+(ng_Vgl)-I_(VeZ_Vel) )
0

1 1 .
T,—T, = Em(v v—13) = Em[icz + 02x? sin?(a)] ;

Vg2 = Vg1 = —(—mge3) - (x — x9) = mg(x — x,) cos(a) ;
1 1
Ver = Ver = 5[, = 1)? = (L = 1)?] = 5 k(x? = x}) =

. k
x% + 0%x%sin?(a) + [Zg cos(a) + ~ (x + xo)] (x—x5) =0

Next, the resultant moment acting on the object about the origin takes the form
el e, €;
M,=xXF= x sin(a) 0 L + x cos(a) =
—Tsin(a) —Ncos(e) 0 —mg—Tcos(a)+ N sin(a)
M,-egs=0, My-e3=0 .
This shows that the angular momentum of the object about the origin in the fixed vertical
e; direction is conserved. Therefore,
Hy-e3;=Hy(0) e;3 ,
where,

0 0 1
x sin(a) 0 L + x cos(@)| = mOx? sin?(a),

Hy-e3;=e3-xXmv=
mxsin(ae) méxsin(a) mxcos(a)
H,(0) - e3 = mByxZ sin®(a) = Ox? =fyx¢ .

Now,

v(0) = vye, = X, sin(a) e} + Byx, sin(a) e}, + %, cos(a) e; =
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0 2o
Xn = , = - .
0 X sin(a)
Hence,

. Byx2 X0V

0= =

x2  xZ%sin(a)
Substituting this expression and the given data in the resulting equation of the balance of

energy, it follows that
. k
x2 + 6%x%sin?(a) + |2g cos(a) + E(x +x0) | (x —x5) =0 .

The minimum value of the position x of the object on the surface of the dish is obtained by

the requirement x = 0, such that
240
x_2+ (616 + 150x)(x —4) =0 = Xpjp = 0.313 [m] .

Furthermore, the velocity of the object at x = x,;,, reduces to

XoVo

V(Xmin) = 0Xmin sin(a) e, = e, ~ 38.3¢e, [m/s] .

min
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Problem Set 8 Solutions

Problem 1

Figure 8.1 shows a particle of mass m, which is attached to a spring of stiffness k and free

length 7, and placed on a frictionless table. At the time t = 0, the spring’s length is 1, and

the particle is given a velocity v, in the direction perpendicular to the spring.

1. Determine the equation of motion of the particle.

2. Are the linear momentum, angular momentum about the fixed point O and mechanical
energy of the particle conserved?

3. Describe the motion of the particle.
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Solution

Figure 8.2

Using Fig. 8.2 (left), it follows that the position x and velocity v of the particle expressed
in terms of polar coordinates are given, respectively, by

x=re, , v=re,+rbey .
Next, since the only force acting on the particle is due to the spring [see Fig. 8.2 (right)],
the energy of the particle is conserved so that

(T; =T+ Ve =Ver) =0,

where,

1 .
T,—T, = Em(v-v—vg) = Em(f”2 +71202 —v3) ,

1
Vea = Ve1 = Voo = Ek(r - TO)Z .
Hence,

) k
7'"2+r292+E(r—r0)2 =vs .
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Now, the moment exerted on the particle about the origin O vanishes. Therefore, the
angular momentum of the particle about O is conserved, such that

Hy(t) = Hy(0) ,

where,
Ho(t) =mev=T2963 ) Ho(O) =T061XU062 :r0v0e3 .
Thus,
. s ToVo
2 _ —
r°0 =191 = H_rz .

Substituting this expression into resulting equation of the conservation of energy, then
. Tovo\%  k
2 e (r — )2 — 1,2
2 +(r) +m(r 7o) v§

Thus, by taking the time derivative of this equation, it follows that the motion of the particle

is governed by

2rr+2(rorj)(—%r) %r’zo =
3vs

P =0 1) =7, #(0) =0
m

The particle performs a circular motion with radial oscillation with its angular momentum
about the origin O being conserved. However, with the help of Fig. 8.2 (right), then the
resultant force acting on the particle is given by

F=F,=-Te, =—k(r —rye, .
This shows that the linear momentum of the particle is not conserved in the direction e,..
Moreover, F - eg = 0 does not ensure that the linear momentum of the particle is conserved

in this direction since eg is not fixed in space.
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Problem 2

December 2017

Figure 8.3 shows a small ball of mass m which is attached to a rigid bar AB with length L

and negligible. The bar is attached at its end A to a cart of mass M, which moves

horizontally along a frictionless track. Moreover, the bar rotates freely about the vertical

axis passing through A. At the time t = 0, 8(0) = 0, the velocity of the cart is v, and the

angular velocity of the bar is w,.

1.

2.

3.

4.

Determine the velocity of the cart when 6 = .

Determine the angular velocity of the bar when 6 = m.

Determine the maximum and minimum angular velocities of the bar.

Determine the maximum and minimum velocities of the cart.

Express your answers in terms of {m, M, R, vy, w,}.

i m
TR @-M
I Ap =10 |
[FETEes Y i —
Figure 8.3
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Solution:

____________________________ 1 N
! m
Ih e e, e O;.H
e —10_|
it M iA € severeny
Figure 8.4

The system e; rotates with angular velocity w, such that
él=wxe, , w=0e; .
Using Fig. 8.4 (right), then the resultant force acting on the system is given by
F=Ne, = F-e;=0 .
This shows that the linear momentum of the system in the fixed horizontal direction e, is
conserved, such that

Mv, -e; + mvg-e; = Mv,(0) -e; + mvg(0) - e, ,

where,
vy =%e; , v4(0) =vpeq
Vp =V, + @ X x5/, = Xe, + e}y x Lej = xe; +0Ley, =
vy = [x — OLsin(0)]e; + 0L cos() e, , v5(0) =voe, + byle, .
Therefore,
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(M + m)x —mOLsin(0) = (M + m)v, .
So, the velocity of the cart when 6 = m reduces to
x(m) =v, .
Next, since the only force acting on the system is the normal force, which is perpendicular
to the velocity of the point where it acts, the energy of the system is conserved. Thus,
T,—T; =0,

where,

Ty = 2 M[,(0) - 24(0)] + 5 mlvp(0) - va(O)] = 3 (M +m)v§ + zmaL? |

T, = %M(VA ‘v, + %m(vB ‘vp) = %(M +m)x? + %m[ézLZ —2x0Lsin(0)] ,
such that
(M + m)x? + m|02L? — 2x0Lsin(0)] = (M + m)vZ + mwil? .
So, the angular velocity of the bar when 8 = & reduces to
() = w, .
Now, solving the resulting equations of the conservation of energy and linear momentum
in e, for {x, 6}, it follows that

m
M+m

62 =£(8) , f(6) = w? [1 - sinz(él)]_1 .

The critical values of @ are obtained by requiring that df (8)/d6 = 0. Thus,

df(0) _ mw3 sin(20)

do (M +m) [1 - MTmsinz(H)]

—0 > sin(20)=0 = ez{aig}.

This shows that

émin = 9(0) = wWq , émax =0 (i

n):wo /1+% .
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Furthermore,
) Iy Ty mLw, ) (T mLw,
mn = (=3) w0~ s e =i (g) =t s
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Problem 3

A tennis ball of mass m is released from rest at a height of 1600 [mm] above the ground,

as shown in Fig. 8.5.

1. Determine the minimum coefficient of restitution for which the ball rises to a height of

1100 [mm)] after the collision with the ground.

2. Determine the maximum energy lost in this case.

Mahmoud M. Safadi
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Solution:

myg
Figure 8.6
Just before impact, the energy of the particle is conserved since only the gravitational force
acts on it (see Fig. 8.6). Hence,
(T, = To) + (Vg1 = Vgo) =0,

where,

1
T,—Ty=T, = Emv,znl , Vg1 — V40 =mge, - (0—1600)e, = —1.6mg .

Therefore, the velocity of the particle just before impact is given by
V1 =+/3.29 [m/s] .
Next, using the coefficient of restitution e, with the subscript ‘s’ denoting the fixed

horizontal surface, it follows that

(Wm2 — vs2) - €, Um2 Uma2 —
e — = — —_—— :> v = _e 3.2 .
(V51— V1) - €, Um1 V3.2g m g

After impact, the energy of the particle is conserved for similar arguments as before. Hence,
(Ts = To) + (Vgs = V2) =0,
where,
T3 —T, = —T, = —1.bmge* , Vy;3 —V,, = mge, - (1.1 —0)e, = 1.1mg .

Hence,
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1.1
1.6mge?+11mg=0 = e= /R ~ 0.829 .

Furthermore, the energy lost during impact is given by

1 2 2 1 2 1
AT=T,-T, = Em(vmz = VUm1) = Em(S-ZQe —3.2g) = —Emg .
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Problem 3

Figure 8.7 shows a particle of mass m; which is attached to the ceiling through an
inextensible string of length ;. Moreover, a particle of mass m, is attached to m, through
an inextensible string of length [,. At the time t = 0, m,, is released from rest at a distance
[, below the ceiling and the string [, is unstretched. At the instant when cos(a) = 0.8 and
sin(a) = 0.6, the string [, becomes taut.

Determine the velocities of the particles just after impact, when the string [, becomes taut.

Figure 8.7
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Solution:

Let A and B denote the particles of masses m, and m,, respectively.

Figure 8.8

Fig. 8.8 shows that before impact, the energy of B is conserved since only the gravitational
force acts on it. Hence,
(Tl - To) + (Vgl - Vgo) = 0 )

where,

Ii-To=T, = Emzvgl , Vg2 = Vg1 = —myge; - 1; cos(a) e, = —mygl; cos(a)

such that the velocity of the B just before impact is given by

Vg1 = /291, cos(a) = \/1.6gl2 .

Next, Fig. 8.9 shows the free body diagrams of A and B just after impact.

T

)
N
R
3

R

Figure 8.9
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Now, the velocities of the particles just after impact are given by
Va, = (Wap - €)1 , Vpy = (Vpy-e1)e; + (Vg - er)e, .
Since the gravitational forces are not impulsive (see Fig. 8.9), it follows from the balance

of linear impulse-momentum of each particle that

T, sin(a) e; + [T, cos(a@) — Ty |e; = my(va; - €1)e; =

1 . - .
Vy, € = m_TZ sin(e) , T; =T, cos(a) ,
1

—T, sin(a) e; — T, cos(a) e; = m,[(vs, - €1)e; + {(vp, - €5) —/1.6glL}e;] =

1 . 1 .
‘VBZ * el = _m_TZ Sin(a) ) ‘UBZ . ez = 4/ 16gl2 - m_TZ COS(“) .
2

2

Next, assuming that the strings remain taut just after impact, then

Vpa/az " Xp2/a2 =0,

such that

1 1\ . 1 .
— (— + m—) T,1, sin?(a) + [,/ 1.6gl, — m—Tz COS(C!)] l;cos(a) =0 =
1 2

m,

~ mim, cos\x
T, =—— 2 (@) J16gL, .

"~ my +m,sinZ(a)

Consequently,

R m,m, cos?(«a 16m,m
7, = M () 1690, 1m2

© my +m, sin2(a) - 25m; +9m,

i 12
ory €)= lmz cos(a) sm(a)l 1690, = (#) [16gl, ,

m, + m, sin?(a) 25m; +9m,

12my

m, cos(a) sin(a)
Vpy €1 = — ! 4/ 16gl2 = — (m)ﬁlﬁglz ,

m, + m, sin?(a)

m;+m m;+m
sz . ez = [ L z Sinz(a)\/ 16glz = 9 (;) 1/ 16glz .

m, + m, sin?(a) 25my; + 9m,
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Problem Set 9 Solutions

Problem 1

Fig. 9.1 shows two particles of masses m; = m and m, = 2m connected by a spring of

stiffness k and free length L. The particles are initially at rest. At the time t = 0, a third

particle of mass m; = 3m, traveling with speed v in a direction perpendicular to the spring,

strikes m,. The coefficient of restitution at impact is given by e.

1. Determine the velocity of each mass just after impact.

2. Determine the angular velocity of the line connecting m, and m, as a function of the
distance x(t) between these particles.

3. Determine the differential equation associated with x(t).

k v
Figure 9.1
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Solution:

Fig. 9.2 shows the free body diagram of the whole system at impact.

< L .
< A e,
—wNWW;dB m
k e,
Zm D |3m
2

Figure 9.

Using the definition of the coefficient of restitution, it follows that

_ (V2 —Vp2) - €, _ (Vg2 - €2) — (Wpy - €3)
(vp1 —Vp1) - € v

(Vg -e;) — (vpy-e;) =ev .

Fig. 9.3 shows the free body diagrams of each particle at impact.

ORNO

Figure 9.3

Since no forces act on A during impact,
Vy, =0 .
Now, assuming that B and D are smooth, then the impulsive force F has no component in
the e, direction
F-ee=0 > G,-e;,=G,-e; .
such that

UD2'61=0 ) v32'61=0 .

Mahmoud M. Safadi 83 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

This shows that the velocities of B and D just after impact are given, respectively, by
Upz = Vp2€2 , VUpz = Upz€3 .
Moreover, using these results, the coefficient of restitution equation reduces to
Vgy — VUpy = €V .
Next, Fig. 9.2 also shows that the linear momentum of the system is conserved during
impact since no external forces act on it. Hence,
mvg, +3mvp, =3mv = vg, +3v0p, =3V .

Solving the last two equations for {vg,, vp,} yields

3 1
Vgo =Z(1+e)v , Upo =Z(3—e)v )

Figure 9.4

The location of the center of mass C of the system consisting of the particles A and B
relative to A is shown in Fig. 9.4 and given by

Y amiXi/a _2m(0) + mx(t)e, 1

= = = = t .
Xc/A Zsz m; 3m 3x( )er

Moreover, since no external forces act on this system, its linear momentum is conserved

so that the velocity v of the center of mass C is conserved as well. Hence,

2mv,y, + mvg, 1
vC = vC(tz) = 3m = Z(l + e)vez .
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Furthermore, for the same reason, the angular momentum about the center of mass C is

conserved. Thus,

He(ts) = He(t) , He(® = ) xiyc(®) xmewyye(®) |

i=A
where,
X X x6
Xajc = —3€r Vajc= 736 —37€0
2x 2x 2x6
XB/c :?er » VB/c :?er + 3 €g ,
such that,

B
H:(t;) = z Xi/c(t2) Xmv;,c(ty) = xp/c(ty) X mvg ¢ (ty)

i=A
2L 3 1
= ?el X m [Z 1+ e)vez] =3 1+ e)mvle; ,
B
H:(t;3) = Z xi/c(t3) X mv;/c(t3)
i=A
x X x6 2x 2% 2x6
= —§er X 2m —§er —?89 +?er Xm ?er +Te9
2mx?6
= 3 83 .
Equating both of these expressions yields
. 3(1+e)vl

0
4x2

Again, for the same reason, the energy of the system is conserved, so that
T3 == T2 .

Moreover, the velocities of A and B take the forms
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vA:vc‘l‘vA/C ) ‘DBZ‘DC-I-‘UB/C )
where,

1 9 1 1
T, = Emvgz = 3—2(1 +e)mv? |, T3 = E(Zm)(vA ‘v, + Em(vB -vg) .

With the help of the transformation relation
e, =sin(@) e, + cos(f) ey ,

it follows that

1 _ X 1 x6
v, = [Z (1+e)vsin(8) — §] e+ Z(l + e)v cos(6) — 3 ey ,

1 _ 2% 1 2x6
vp = [Z (1+e)vsin(8) + ?] e+ Z(l + e)vcos(0) + = ey .

Thus,

2

3m mx< 3m
T, = = (1 + )22 sin?(0) + —t3 (1 +e)?v? cos?(0) +

mx262
3

Now, equating the expressions of T, and T yields
X%+ x%20% = i(1 + e)?v?
16 '
Substituting the expression of 8 obtained previously into this equation gives
9 L?
.2 _ 2,2 —
X +16(1+e) v <x2 1) 0 .

Solving this equation for x(t), it follows that

X

3 3
———dx=-(1+e)vdt > Jx2—-12=-(1+e)vt >
x? — 12 4 4

2

x(t) = jLZ + E(l + e)vt]
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Problem 2

The upper end B of the bar AB, having a length of L and mass of m, is connected to the
fixed point C by an inextensible rope, as shown in Fig. 9.5. At the time t = 0, the rope is
cut, with 8(0) = 6, and 6(0) = 0.

1. Determine the angular speed 6 of the bar as a function of 6.

2. Determine the reaction forces at A.

NIA B
N
> g
A
Figure 9.5

Solution:

Fig. 9.6 shows the free body diagram of the bar just after the rope is cut.
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Since the reaction force {4, A,} at the fixed point A don’t do work on the bar, its energy
is conserved. Therefore,
(T, =T) + (Vg2 = Vg1) =0,

where,

Vg2 — Vg1 = —(—mge,) - [% cos(0) — %cos(Qo)] e, = —ngL [cos(6,) — cos(6)] ,

T 1_.
TZ_leTZZEm(vv)‘l‘EIH )

. L 6L
vV =0e; X 3 [sin(@) e; + cos(0) e,] = - [—cos(f) e, +sin(B)e,] =

_ 0L 2+1 mL? gz_mLZé2
2 =53 2\ 12 ~ 7% ’

such that

2

mL* . mgL
c 0% — ‘zg [cos(8,) —cos(8)] =0 =

6% = ng [cos(6y) — cos(6)]

Also, since the bar rotates clockwise, the angular velocity is given by 8 = —/ 2.
Next, the balance of linear momentum of the bar yields

Aje; + (A, —mg)e, = mv ,
. L. .. .. .
v=s [{6%sin(6) — 6 cos(B)}e, + {6sin(6) + 62 cos(B) }e,] .
Therefore,
mL .. . L. .
A = - [62sin(6) — G cos(8)] , A, =m [g + E{g sin(6) + 62 COS(@)}] _

Furthermore, using the balance of angular momentum about the fixed point A gives
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L_ . mgL :
M, = 3 [sin(@) e; + cos(0) e,] X (—mge,) = — > sin(f)e; =H, ,
where,
mL%6 mizg| & €2 €| u2¢
Hy=H;+xc/s xmv = B e; + Z sin() cos(f) 0= e; =
—cos(8) sin(6) O
mL?0
A= 3 e; .
Thus,
.. 39 .
0= —ﬁSIH(Q) .

Substituting the expressions of {62, 8} into the expressions of the reaction forces {4,, 4,3},

it follows that

mg sin(0) [cos(@o) - %cos(@)] ,

3
A1= 2

m 3
A, = 7‘9 [3 cos(6,) cos(0) + Esinz(e) - 1] .
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Problem 3

Fig. 9.7 shows a cylinder of mass m and radius R which is being pulled to the right by a
constant horizontal force P at its center C. Initially, at the time t =0, x(0) =0,
%(0) = —wyR, 6(0) = 0 and 8(0) = w, > 0.

Determine x(t) and 6(t) and the magnitude of the friction force between the cylinder and

the ground for the following cases:

1. P=0.
2. P=2umg.
3. P =4umg.
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Solution:

The free body diagram of the cylinder is shown in Fig. 9.8.

Figure 9.8

Assuming that the cylinder rolls without slipping along the ground, then

Ve/p = Ve = X€, = W X Xc/p = wez X Re; = —wRe; = x=—-wR , ¥=—-wR .
Moreover, the balance equations of linear momentum and angular momentum about the
center C yield

N=mg , P—f=mi ,

R g 1 R2 1 Ra 1
—_ = = — = = —_—— = — .
f=Ilw > MR f > MRw = omX
Therefore,

_l, ._2p 2P

f=3P ¥=35, ®=-3,R

Now, in rolling without slipping, the friction force is static. Thus,
IfI <uIN| = P<3umg .
Casel: P =0
Since P < 3umg, the cylinder rolls without slipping along the ground. Thus,

=0 = x(t) =x(0)+x(0)t =—wyRt ,
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o=0 = 6(t)=6(00)+6(0)t=wyt .

Case 2: P = 2umg

Since P < 3umg, the cylinder rolls without slipping along the ground. Thus,

. 2P 4ug _ . 14pgy ,  (2ugt
X—gE—T = x(t)—X(O)-FX(O)t-l‘E(T)t —(T O)OR>t ,
. 2P 4ug _ : 1 4ug)z_< 2#9)
W =—g—p=—gp 2 9(t)—9(0)+6(0)t+2< 3R t* =|wg 3R t
Case 3: P = 4umg
Since P > 3umg, the cylinder slips on the ground. Thus,
f=uN=pumg .
Furthermore, the equations of motion are given by
” ” 1 : : 2ug
P—umg =m¥ = X=3ug , —R,umg=§mR2w > 0=-— .

Thus,
. 1 3ugt
x(6) = x(0) + %(0)t + 5 (3ug)t* = (T - a)OR) t,

6(t) = 0(0) + 6(0)t +%<_211Tg) t? = (a)o —%‘gt>t
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Problem 4

A bowling ball of mass m and radius R is thrown onto the ground with a velocity v, that
is essentially horizontal. The friction coefficient between the ball and the ground is u.
Initially, at the time t = 0, 6(0) = 0 and 6(0) = 0.

Determine the distance traveled by the ball before it starts rolling without slipping on the

ground.

Solution:

The free body diagram of the ball is shown in Fig. 9.9.

Figure 9.9

Since the ball slips on the ground, the friction force f acting on it at the contact point B
with the ground is given by

f=uN .
Now, using the balance of linear momentum and angular momentum about the center C of

the ball, it follows that

N=mg , —f=—-—umg=mv = v=-—ug = v=uv(0)—ugt=vy—ugt ;
. 2 . . Sug . Sugt Sugt
—_ = — = = — 2 = —_—— — e e
Rf umgR =16 5mR 6 = 6 T 6 =6(0) R T
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Next, when the ball starts rolling without slipping, the velocity of the contact point B with
the ground vanishes, vz = 0. Thus, the time spent up to this point is calculated using the
kinematic condition for rolling without slipping, namely

Sugt
Ve =V¢/p = W X Xc/p = —Rwe; = vo—ugtz—R<—T)t =S t=—.

Moreover, the distance traveled up to this point is given by

2v0) 1 (ZUO)Z__lzvg

— __l/l frd .
7ug aum 49ug

1
x=x(0)+v0t—§ugt2=v0< >

Mahmoud M. Safadi 94 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

Problem Set 10 Solutions

Problem 1
Consider the assembly shown in Fig. 10.1. The hanging block of mass m, is attached to
the cylinder of center B, mass m, and radius r, by an inextensible cord, wrapped at a radius
r; and passes over a drum of center A, mass m5 and radius R.
It is assumed that the cord does not slip on the drum and the cylinder. Moreover, the
coefficient of friction between the cylinder and the ground is u.
1. Assuming that the cylinder rolls without slipping along the ground, determine the
acceleration of the block.
2. Assuming that
{u=03m;, =mm, =m/2,r, =71, =2r,, =6mr?I; =3mr3,R =1 +1,},
show that the cylinder slips along the ground. Also, determine the acceleration of the

block.

Figure 10.1
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Solution:

The free body diagrams of each part is shown in Fig. 10.2.

X |

Figure 10.2

The balance of linear momentum equations of the block and cylinder are given by
Tp—mg=-my ; N=myg , [—Tp=mpX .
Moreover, the balance of angular momentum equations of the drum and cylinder about
their center of mass yield
(Ty —Tg)R = Lyw, , fry+Tgry = Ilgwp .
Next, since the cylinder rolls without slipping on the ground
vy = Xxe, + wge; X (—re;) = (X +wpry)e; =0 = X = —wgry, .
Now, since the cord does not slip on the drum and the cylinder
Vo =V = wye3z X (—Re,) = —wyRe, , vy = vy = wye; X Re, = —wyRe;
Vg = Vp = Xe; + wge; X e, = (X —wgr)e; .

Also, the inextensibility of the cord yields
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Ver = —ye, , Vg = Vg .
Thus,
=R , ¥=wgr —OsR .
In summary, the equations of motion to be solved are given by
Ty—mg=-my , f-Tg=my¥ , (Ty—Tp)R=1w, , fro+Tpr, =Ilgap ,
¥=—wgr, , V=R , ¥=awgr — @R .
Consequently,

B mR?(r; +1,)?
I+ (my + my)R2}r? + 2(I, + m{R2)1riry + (Iy + mr?)R2 + I

y g -

Next, since the cylinder rolls without slipping on the ground, the frictional force satisfies

Ifl < luN| .

where N = m,g and f is obtained by solving the equations of motion, such that

(g — mzrer)Rz
f = mlg
{I, + (my + my)R2}2 + 2(Iy + myRE)ryry, + (Ig + myr2)RZ + I,1?

Therefore,

g — m27"17"2)R2 l my

> —_— .
H= [{IA + (my + my)R2}r2 + 2(Iy + mR2)rry + (Ig + mr?)R? + ;12 m,

Substituting the given data into this inequality yields

N =

U=

)

which shows that if u = 1/3, the cylinder slips along the ground. Also, in this case, the

frictional force is given by f = uN = m,g/3 and the equations of motion reduce to

. 1 . )
Ty—mg=-myy , §ng —Tg =myX , (Ty—Tp)R =L, ,

§m2g7‘2+TBT‘1=IBd)B y y:(,l)AR ) 5é=d)BT1—d)AR .
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Solving this system of equations for y, it follows that

_ [ 83mymar? + mirr, + 3my —my)I5}R? | g
Iy + (my + my)R2}p + myr?(I; + myRY)|[3

5

Substituting the given data into this expression gives

=1 g~ 0486
y =359 ~0486g .
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Problem 2

Figure 10.3 shows a cylinder of center C, mass m; and radius R which is placed on a

stationary box of mass m,. The coefficient of friction between the cylinder and the box is

u. At the time t = 0, a block of mass m,, moving freely with a leftward velocity of v,

strikes the box and sticks to it.

1. Assuming that u = 0, determine the velocities of the box and the center C of the
cylinder just after impact.

2. Assuming that u > 0 and the cylinder slips on the box during impact, determine the
velocities of the box and the center C of the cylinder just after impact.

3. Using your answers in part 2, determine the time it takes for the cylinder to begin rolling
without slipping on the box.

4. Assuming that u — oo, determine the velocities of the box and the center C of the

cylinder just after impact.

9
A nu
v
m, D — mg
o/, 77 77
Figure 10.3
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Solution:
The free body diagrams of the cylinder and the system consisting of the box and the block

at impact are shown in Fig. 10.4.

x(t)

L) T

Figure 10.4

Since the block sticks to the box, their velocities {v,,, vz, } just after impact are equal
Vg2 = Uppy = Ué€q .
Next, for a finite value of y, the impulsive force F = fttlz Fdt at impact (t, — t;) vanishes.

Thus, the balance equations of linear impulse-momentum and angular-impulse momentum
about the center of mass C of the cylinder give
F=me;-v)=0 = v,p=v,=0,
M;=I.(w,—w)e3=0 = w,=w;=0 .
Moreover, the balance of linear impulse-momentum equation of the system consisting of

the box and the block yields

—F = My(Wpy — V) + M3(Wyp —V41) =0 =
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ms
myoue, + mslue; — (—ve =0 > u=—<—>v,
2ué; s[ue; — ( ] M, + my
such that
Vyy, =Vgy = —|———|ve,; .
A2 B2 m2+m3 1

Now, if the cylinder slips along the box, then
F = _Sgn(vslip)fel + Ne, , f=uN ,
Sgn(vslip) = Sgn(vn/n') = sgn(—vp) =sgn(-vp) = +1 .
Therefore, the balance of linear momentum of the cylinder yields
N=myg , —umg=mi = Xi=-ug , x(0)=0 = x=—ugt .
Furthermore, using the balance of angular momentum of the cylinder about its center of
mass C, it follows that

m,gR m,gR 2
_WmugR_ pmugR_ 2u9.

le %mlRZ R

—umgR =10 , w(0)=0 = w=

Next, at the instant when the cylinder starts rolling without slipping on the box, then

2
Ve = —ugte; = vp + @ X Xc/p = Vp — %t% X Re, = v, = —-3ugte; .

where the velocity v,,s of the box is calculated using the balance of linear momentum, such
that

—F + (N, —myg)e, = umyge; + (N, —myg —mpgle, = myje; =

. HMg . ( ms )
N,=(m;+m , V= , O=u=—-——)v =
, = (my 209 , ¥ 3 y(0) My + ms
m m m m
y=—( 3 )v+u 1gt = vbz[—( 3 )v+u 1gt]e1 )
m, +m, m, m, +ms m,

Hence, the time it takes for the cylinder to begin rolling without slipping is given by
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myms %

—( e )v+'um1gt=—3ugt = t=[ —
m; +ms m, (m; + m3)(3m, + my)lug '

On the other hand, if 4 — oo, then the cylinder rolls without slipping along the box and the
frictional force satisfies |f| < u|N|. Therefore, the balance equations of linear impulse-
momentum and angular-impulse momentum about the center of mass C of the cylinder
give

-~

F=fe,+Ne,=m(ve; —vc)es =mve; = N=0, f=mue, ,
Rf = %mle(w —wy) = %mlew => f= %mlRw :
Moreover, the balance of linear impulse-momentum equation of the system consisting the
box and the block yields
—F = my(vg; — V1) + M3(Vap — va1) = [(my + m3)u + myvle; =

—f = (my, + mx)u+msv .

Also, since the cylinder rolls without slipping along the box
VUp, =Vpry = Vet ®XXp;e= Ve, +wR)e; =ue; = u=vg+wR .

Next, solving the system of equations

fzmlvcz , fzzmlRw , —f=(m2+m3)u+m3v , U="Vc +wR ,

for {ves, u, w, £} it follows that

ms
my; + 3(m, + my)

3ms ]
v,

]v ' uz_[m1+3(m2+m3)

ch=—[

_ [ 2m, ]v . [ ms
©= m; +3(my, + m3)IR ' f= m; + 3(m, + m3)

]mlv .
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Problem 3

Figure 10.5 shows a disk of mass m and radius b, which is attached to a frame by an
inextensible cord of length 3b passing through its center C. The frame rotates with a
constant angular acceleration 8 = p. The coefficient of friction between the disk and the
frame at the point of contact B is u. Initially, at the time t = 0, 8(0) = 0 and both the disk
and the frame are at rest. The maximum tension in the cord is given by T,,.. Also, gravity

is neglected.

U

Vs
N o )

0

Figure 10.5

1. Assuming that 4 = 0, determine:

1.1. the angular velocity of the disk.

1.2. the tension in the cord.

1.3. the angular velocity of the frame when the disk is on the verge of bouncing off.

2. Determine the critical value of u, denoted by u,-, for which the disk slips on the frame
at the onset of motion.

3. If u > u., determine the angular velocity of the frame when the disk is on the verge

of slipping.
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4. Assuming that the disk does not slip on the frame, determine:

4.1. the kinetic energy of the disk.

4.2. the angular momentum of the disk about the fixed point O.

4.3. the minimum value of the angular acceleration of the disk for which the cord tears at

the onset of motion.

Solution:

The free body diagram of the disk is shown in Fig. 10.6.

Figure 10.6

In the absence of friction (f = 0), the balance of linear momentum and angular momentum
about the center of mass of the disk yield

M.=0=1I.0e; = w=w(0)=0, —Te,+Neyg=ma ,

= b(—be, +30ey) =

a=1=b[—(362—b)e, + (36 — 6%)eq] ,
Thus,
T =mb(3602—-6) , N=mb(36 —6?) .
Now, using

ézp , 0(0)=0 = 9=pt,

Mahmoud M. Safadi 104 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

it follows that
T = mb(3p?t? —p) , N =mb(3p — p?t?).
Also, the angular velocity of the frame when the disk is on the verge of bouncing off is
given by
N()=0 = mb(3p—-62)=0 = 6.=./3p .
Next, assuming that the disk rolls without slipping along the frame at the onset of motion,

then the equations of motion become

. . 1
f—T=mb(3602—-6) , N=mb(36 —6?) , bf =smb%0) .

Moreover, this no-slip condition yields
v = vy = 3bfey |,

such that

U = b(—0e, + 30eyp)
= Vg + w X x5 = 3b0ey + we; x bey = b(—we, + 30ey)

which gives

Therefore, the static frictional force takes the form

—1 b'—1 b
f—zma)—zmp,

and it must satisfy

|f]

|f|S//‘|N| = U= e :ucrzm :

Now, at the onset of motion

N(0) =3mbp .
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Thus,

1
_gmbp 1
Her = 3mbp 6 °

Also, when the disk is on the verge of slipping, it follows that
fl=ulN| = 6= @ 1)
fl=u = )P
Next, if the disk does not slip along the frame for all times, then its kinetic becomes
T—l @ _)+1<1 bz) )
=5;m@ V) +5|5mb” o,
where (see the previous results),

U = b(—we, + 30ey) = bO(—e, + 3ey) = bpt(—e, + 3ep) ,

such that
1 1 21
T = Em(lObsztz) + Zmbzpzt2 =T mb?p?t? .

Moreover, the angular momentum of the disk about the fixed point O is given by
_ 1 or € &l 2
HO :H‘l‘xc/o Xm§=—mb2pt83+ 3b b O =—mb2pte3 .
2 —mbpt 3mbpt O

Now, recall that the equations of motion in this case (no-slip) take the forms

. . 1 1
f—T=mb(3602—p) , N=mb(3p—0?) , bf=§mb2(b=zmb2p .

Hence, if the cord tears at the onset of motion, then T = T, and 8 = 0 so that

1
f_Tcr = —mbp, , bfzimbzpcr .

Solving these two equations for {p.,, f} yields

2T, 1

=3mp 0 S T3l

pCT 3
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Problem 4

Consider the assembly shown in Fig. 10.7. The hanging block of mass m, is attached to
the cylinder of center C, mass m; and radius R by an inextensible cord, wrapped around
the cylinder and passes over a massless pulley. The coefficient of friction between the
cylinder and the ground is u. Moreover, the system is released from rest with the cylinder
being at a distance 4R relative to the fixed vertical wall. The coefficient of restitution
between the vertical wall and the cylinder is given by e = 1/2.

1. Assuming that the cylinder rolls without slipping along the ground, determine:

1.1. the acceleration of its center C at the onset of motion.

1.2. the minimum value of u for this to happen.

1.3. the velocity of its center C just before impact with the wall.

2. Determine the velocity of the center C of the cylinder just after impact with the wall.
3. Determine the angular velocity of the cylinder just after impact with the wall.

4. Does the cylinder slip along the ground just after impact with the wall? Explain your

answer.
my —
e |y
C ! ' / h
! \ /H
1 U \\ ’ h
: S o %i
R m,
S P
L = 4R
Figure 10.7
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Solution:

The free body diagrams of the cylinder and the block before impact are shown in Fig. 10.8.

y(t)
T
-y
myg
Figure 10.8
If the cylinder rolls without slipping on the ground, then
vBZO = vC:xelsz‘l‘wxxc/B:(Ue3XR82:_(l)Rel = X=-—wR .

Furthermore, assuming that the cord does not slip along the cylinder, it follows that
Vppr =0,
where,
Vp = V¢ +w X xc/p = Xe; + wez X Re, = (¥ — wR)e; , vy =ye; ,
such that
¥—wR=7 .
Next, using that balance equation of linear momentum of the block and the cylinder
together with the balance equation of angular momentum about the center of mass C of the

cylinder, it follows that

1
T-myg=-myy , T—f=mXx , N=mﬂ,-ﬁv=§mm@.
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Solving the system of equations

¥=—-wR , X—wR=y ,
. y 1 .
T—-myg=—-m;y , T—f=mX , N=myg , _szmeza) )

for {X,y,w,T, f} yield

.._( 2m, ) .._( 4m, ) . ( 2m, )g
T8 ramy)? YT Bmy +am, )9 0 YT T 3my +amy, /R

3mym,yg . mimyg

)

" 3m, + 4m, "~ 3my +4m,

Furthermore, since the frictional force is static in this case

m
f<uN = uz—z .
3my + 4m,

Now, the velocity x of the center of mas C of the cylinder is given by

)gt , x(0)=0 = x=<L>gt

*=x0)+ ( 3my +4m,

2
3my +4m,

However,

1 2m, (3my + 4m,)R
Ax = 4R = x(0)t —(—) t? > t=2 .
x 0 +2 3my +4m, g \/ myg

. mygR
X=4 |— .
3my +4m,

Also, the angular velocity w of the cylinder becomes

Hence,

Next, the free body diagram of the cylinder at impact is shown in Fig. 10.9.
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=

Figure 10.9

Using the definition of the coefficient of restitution, it follows that

Vg, - €
e=——L2 1 , VE() =ve+wXxg/c =x(t)e; = x(ty) = —ex(t) =
Vg - €1
. mygR
x(t,) = —4e |[————— .
(t2) 3my + 4m,

Moreover, using the balance equations of impulse-linear momentum and impulse-angular

momentum about the center of mass of the cylinder at impact yield

F F161 + erz = m1 x(tz) - X(tl) el = FZ = 0 )

4( 1) ngR
=—4(e+1m
! my + 47”2

) 1
—RF, =0 = smR*[w(ty) —w(t)] = o) = wlty) = _4J(L>% '

3my + 4m,

This shows that the cylinder slips along the ground just after impact since

[x(t2)| # w(t2)R .
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Problem Set 11 Solutions

Problem 1

A uniform circular disk of mass m = 23 [kg] and radius R = 0.4 [m] rolls without slipping
along a horizontal surface in such a manner that its plane is inclined with the vertical at a
constant angle a and its center C moves along a circular path of radius b = 0.6 [m] with
the speed v = 2.54 [m/s], as shown in Fig. 11.1.

1. Determine the value of a.

2. Determine the forces exerted on the disk by the horizontal surface.

Axis of
symmetry

Figure 11.1

Mahmoud M. Safadi 111 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

Solution:

The free body of the disk is shown in Fig. 11.2.

Figure 11.2
The systems {e}, e;'} rotate with an angular velocity Q and the disk rotates with an angular

velocity w, such that

e,=Qxe; , e,=0%xe; , A=0e; , w=Q+ ¢e] ,

e; =cos(a) ey —sin(a)e; , e, =e) , e; =sin(a)e; + cos(a)e; .
Now, the velocity v = ve; of the disk’s center of mass C takes the form

V- =ve, =v =QXx = (e, X bel, = Qbe), .
c 2 c/o c/o 3 1 2

Therefore,
Q= i > w= [Esin(cx) + q’)] e’ + zcos(a) es
b b b
Using the no-slip condition, then v can be expressed as
Ve =ve, =Vcp = WX Xc/p = w X bey = —[vsin(a) + bgle; =

v
Q= _E[l + sin(a)] .

Hence,
v n v n
w = _Eel +Bcos(a) e;

Next, the balance of linear momentum of the disk yields
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! n n
Ry —mge; =ma; , Rg = Rpe;

2

v
a: = v, =ve, =v(Qe; X e,) = —Qve; = —?e’l .
Thus,
., _ v? cos(a) ., ., v? sin(a)
Rp;=m gsm(a)—T , Rgpb =0, Rgz=m gcos(a)+T

Furthermore, the balance of angular momentum about the center of mass C of the disk

gives
e/ e, e}
MC=HC ) MC=xB/CXRB= 0 0 —-b =_bR,BIIe,2, )
Rg1 0 Rgs
Rzp[2 0 0]( -1 mR2v( 2
He; = Igjjwf' =——[0 1 0 0 = 0 =
4b 0 0 1)\cos() 4b cos(a)
msz n n
H; = P [—2e7 + cos(a) e5] ,
. 6H .
HC:W—FQXHC:QXHC =
. mR2p?| €1 €2 €3 mR?v? cos(a) _ .,
H; =——/|sin(e) 0 cos(a)|=— [2 + sin(a)]e;
4ph2 4p2
-2 0 cos(a)
Therefore,

_ mR?v? cos(a)

Ry, = (2 +sin@)] .

Now, equating the expressions of Ry, it follows that
4b3gsin(a) = 2v%(2b? + R?) cos(a) + R*v? cos(a) sin(a)
Substituting the values of {m, b, R, v} together with g = 9.81 [m/s?] into this equation

and solving for a, it follows that the only possible solution is given by
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a =~ 55.22° .
Moreover, the reaction force Ry exerted on the disk by the horizontal surface becomes

vZsin(a)| ,

2
Rg=m gsin(a)—%s(a)le — |

1+m [g cos(a) +

~ 44.23€! + 331.8¢} [N] .
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Problem 2

Consider the assembly shown in Fig. 11.3. The two disks A and B, each having a mass m

and radius R, are welded at the two ends of the shaft AB of length 2L, which coincides with

the axis of symmetry of each disk. A third disk, C, of mass m and radius R is welded at the

midpoint of the shaft in such a manner that its plane is inclined with the horizontal at a

constant angle 8. Moreover, the system e;’ is attached to the shaft and it is assumed that

the torques at the bearing A and B are negligible.

1. Determine the angular momentum of the system about C.

2. Determine the normal bearing reactions acting on the shaft AB at A and B.

3. Now, the point masses m, and mp are attached at the rim of the disks A and B,
respectively (see Fig. 2.1). Determine the values of {m,, mg} and {@,4, ¢z} that would

eliminate the bearing reactions at A and B.

€1 €q
ey
mg
B C
- \
2L

Top views

Figure 11.3
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Solution:

The free body of the system is shown in Fig. 11.4.

W :
A ﬁ e3 B ez
C \ )
mgm RB e/2/

mg

R, mg

Figure 11.4
The systems {e;’, e;} rotate with the same angular velocity w such that
e/ =wxe , éei=wxe; , w=uwey ;

e; =sin(B) e —cos(B)e; , e, =e, , e; =cos(B)e;] +sin(p)e;
Also, the system e;’ is related to the fixed Cartesian system e; by

e, =cos(f) e —sin(f)e, , e, =sin(f)ey +cos(f)e; , es=e5 .
Next, the angular momentum H - of the system about C can be expressed as

Ho=H" +HY +HY |

where the angular momentums {H(CA), HEB),H(CC)} of the disks {4, B, C}, respectively, are

given by

HY =H® + x,,c xv, =H® =T1W@ , HP =A® =1® ¢ ,

_ _ mR? mR?
D=1 =——(e{ Qe +e; Qe +——ef Qey =
mR?w
HEA) — HE“B) — > eé/ )
mR? mR?

H(CC) —HO =TO¢g , TO =

(€, Qe e, @ey) et @) =
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'mR? T 5
2 0 0 (_ mR wcos(ﬁ)}
o R ~w cos(B) 7
H;'-e;=| 0 0 0 = 0 =
4 |\ @sin(p) mR?w sin(B)
0 0 mR —
2
©) mR*“w , . '
H; ' = ——[—cos(B) e} + 2sin(p) e3] .

4

Moreover, using the transformation relations it follows that

2
E‘C) = # [sin(B) cos(B) ey + {cos*(B) + 2 sin*(B)}e]
B mR?w
4

%sin(Zﬁ) el +{1+ sinz(ﬁ)}eg’] :
Next, the balance of linear momentum of the system gives
R, + Rz —3mge, =ma , a=0.
Therefore,
R, + Ry, =3mgcos(0) , R,, + Ry, =—3mgsin(@) , Rj5+Rg;=0 .
Furthermore, the balance of angular momentum of the system about C yields

MC=HC )

2,.2

. SHC w”~ "
HC=7+wXHC=wXHC= 3 Sln(Zﬁ)ez ,

M; =x4/c X (Ry —mge;) + xp/c X (Rg —mge;)

e e e,
R}, —mgcos(6) Ry, +mgsin(6) Ry,

e e e
+ 0 0 L] =
Ry, —mgcos(0) Rg, +mgsin(0) Ry,
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M. = L[Rj), + mgsin(0)]ey — L[R,; — mg cos(0)]e; — L[Rg, + mg sin(0)]e?
+ L[Rp; —mgcos(6)]e; = L(Ry, — Rpo)ey + L(Rpy — Ryi)e; .

Hence,

2,2

14 n mR W . 1 1
Rpy —Ra1 = 3L sin(ZB) , Ryz —Rp; =0 .

Solving the system of equations

R); + Ry, =3mgcos(0) , R,, +Rp, = —3mgsin(@) , Rj5+Rg;=0,
R?w?

8L

Rp1 —Riy = sin(28) , Ry, —Rp, =0,

for the reactions forces under the assumption that R,; = 0 it follows that

2,.2 2,.2

8L

m m
Ry, = 19 cos(0) — sin(Z,B)l , Rg, = > ISg cos(60) + sin(2B)| ,

myg

"no_ plr _
RAZ - RBZ - =

sin(8) , Rj35=Rg3=0 .

This shows that the system is dynamically unbalanced.
Next, by attaching the point masses {m,, mg} to the disks {4, B}, respectively, then the
center of mass of the system moves to the position

MyXm,/c T MpXmy/c
3m+my +mpg

X =

)

where,
Xm,/c = Rcos(py)ei + Rsin(p,) e; — Les
Xmg/c = Rcos(gp) ef + Rsin(pp) e; + Les

such that
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[my cos(p4) + mp cos(@p)]R ny [m, sin(@,) + mg sin(epg)]R e

T =
3m + my, + mg 1 3m +my, + mg z

(mp —my)L

"
3

3m+my +mg

Moreover, the contribution of these masses to H can be expressed as

B
He=HY +BO + 1O + Y B

i=A
where,
H(ml) _ ; —
¢ T Xmy/c XMUp, , 1= {4,B} ,
such that
Xm,/c = Rcos(py) ef + Rsin(p,) e; — Ley
— SxmA/C _ = wR : " "
VUm, = 5t + @ XXy, /c = ®X Xy, c = wR[—sin(g,) e + cos(p,) e;] =
(ma) " : " R 12
H:.™* = mywRL |cos(p,) €] + sin(g,) e +Ze3 ;
Xmg/c = Rcos(pp) ef + Rsin(pg) e, + Ley ,
_ 6xm3/c _ = wR : " "
Vmy = —5¢ + @ X Xm0 = @ X X, /c = WR[—sin(@p) €) + cos(pp) e;] =
(mp) " . " R "
H: "% = mpwRL |- cos(pp) e] —sin(gp) e; + Te| -
Hence,

mR
H; = wRL [ﬁ sin(2B) + my cos(p,) — mg cos((pB)] e/

m{2 + sin?(B)}
4

+wRL[my sin(@,) — mg sin(gg)]e, + wR? [ +my + mBl ey .

Now, dynamic balancing requires that the center of mass be situated on the axis of rotation

e; and that the axis of rotation be a principal axis of inertia. Therefore,
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&

-ef =0 = mycos(p,y) +mgcos(pg) =0

&

-e) =0 = mysin(p,) + mgsin(pg) =0 ,

H;-e, =0 = mysin(p,) —mgsin(pg) =0 ,

mR
H;-e/!=0 = ﬁsin(Zﬁ) + my cos(p,) —mgcos(pg) =0 .

Solving this system of equations for {m,, mg, @4, @z} yields

sin(p4) =0 , sin(pz) =0,

mR sin(2p) mR sin(2f)

4= " 161 cos(p,) ' mp os(pp) = 16L cos(gpg)

However, since m, > 0 and mg > 0

mR sin(Z,B)} { mR sin(ZB)}
=——1(,198=0, mp=—7—r—"7 .

{"’A B 161 161

Mahmoud M. Safadi 120 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

Problem 3

Fig. 11.5 shows a bar AC of mass m and length L, which is attached at one end to the center
C of adisk of mass m and radius R, and the other end is placed on a stationary, frictionless
circular plate at the point A. The bar coincides with the axis of symmetry of the disk.
Moreover, the disk is constrained to roll without slipping along the rim of the plate in such
a manner that its center C moves along a circular path with the speed v,.

1. Determine the angular velocity and acceleration of the disk.

2. Determine the forces exerted on the disk by the plate.

Figure 11.5
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Solution:

The free body of the system is shown in Fig. 11.6.

Figure 11.6

The angle «a is related to the geometry by the expressions

R
sin(d) = ——, cos(a) =

L
I7 + R2 VIZ+RZ
The systems {e}, e;'} rotate with an angular velocity Q and the disk rotates with an angular
velocity w, such that
e/ =Qxe ,e;=Qxe; , Q=Qe; , w =Q+¢pe; ,
e; =cos(a) ey —sin(a)e; , e, =e) , e; =sin(a)e; + cos(a) e;
Now, the velocity v, = v,e;, of the disk’s center of mass C takes the form
Ve =voey = Vea = QX X4 = Qfsin(a) ef + cos(a) es] X Ley = QLcos(a) ey .

Therefore,

Vo
8’1’ + T 8’3’

Vo lvo sin(a) N (pl

- rs(a) ~ |z cos(a)
Using the no-slip condition, then v, can be expressed as
Ve =vpe; = Vg = w X Xc/p = [{QAsin(a) + ¢lef + Qcos(a) e3] X Res
= —R[Qsin(a) + ¢ley

Hence,

Mahmoud M. Safadi 122 M.B. Rubin



Dynamics (ME 34010) Homework Solutions December 2017

Vo Vo
w=——e/+—ej .

1 sin(a)
l R L

$="" IE + L cos(a)
Notice that w must lie along the line joining the points A and B since v, = vz = 0. In

particular, its direction must satisfy
e, =—=—e; .

Using the result obtained previously, it follows that

L R
e = (e 4 (=F ey = ep
¢ VIZ+R? ' \WIZ+R? P !
as it should be.
Furthermore, the disk’s angular acceleration @ takes the form

S e/ e, ey
(b=§+ﬂ><w=ﬂ><w= Qsin(a) 0 Qcos(a)|=¢@Qcos(a)e, =
Qsin(a) +¢ 0 Qcos(a)

v2(L? + R?) .
BR 22

Next, the balance of linear momentum of the system yields

R, + Ry — 2mge; =m(ac +a;) , Ry =Rje] , Rz =Rye; ,
2

v
ac = a(voe'z) = 1,(Q X e,) = vyQe; X e, = —v,Qe; = T()(_elll +—e’3’) ,

aC vg n R n
a6 =7=Z(_"’1 +;e3) :

Thus,
RII + RII zng — 3mvg RII + RII — O
Al B1 m - 21 ) A2 B2 — §
., . 2mgL  3mvéR
SRR T
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Also, the balance of angular momentum of the system about the point A gives

i ' : . SmviR
MA =HC+HG+xC/AXmaC+xG/A><maG =HC+HG_T32 )
12Q 0 0 O Sin((l) mlL2Q 0
H(I;Ii — I(,;Iij-Q” = 0 1 O 0 — 0 =
12 0 0 1l\cos(a) 12 cos(a)
mLvy, . 6H muvZR ;
H; = v e; = HG:F-I_QXHGZQXHG:_:[ZL el
mR2v, 2 0 0](—1/R mR2v, —2/R
Hp; = Ié'i,-w" — 7 01 0 0 = 2 0 =
0 0 1IU1/L 1/L
mR?*vy [ 2 .
He=— (_Eel +Ze3) =
2 ey e, ey

)

Qsin(a) 0 Qcos(a)
—2/R 0 1/L

HC=F+QXHC=QXHC=

mvR(2L* + R?)
413 €2

)

M, = xg/0 X R + X5 4 X (—mge3) + xXc/a X (—mge3)

el e, es 3L
L 0 -R|l-mg (7 e;') x [sin(a) e/’ + cos(a) eX]
Rg1 Rp, Rps
143 144 3mgL2 143 143 143 143 rn

Consequently,

Ry, =0 , RRy, + LRy, — Imgl’__ muoR <11 R—2>
- ) 1

= —+
2VIZ% + R2 L \6 42

Now, the equations of motion to be solved are given by

2mgR 3mvg
Rip = Rjp =0 , Rf+Rfy— s = =00
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2mgL  3mvgR
VIZ+RZ 207

Assuming that the e; component of the reaction force at A vanishes (R, - e; = 0), it

. . 3mglL? mviR (11  R?
) RRBl + LR33 - == .

2WVIZ+RZ L \6 4L

RA,3 + R,B,3 - 6 + 4-L2

follows that
R, -e; = (Rj,e] + Rjze%) - [cos(a) ey —sin(a)e3] =0 = LR}, —RR,;=0 .

Solving the system of four equations

" 17 ngR 3m17§ " " ngL 3mv(2)R
Ra1 + Ry — == , Rjs+ Rp; — = )
VL? + R? 2L VIZ + R2 2]2
., ., 3mgl? mv3R (11  R? ., .,
RRiy + LRy === (G *a) » Ra—RRa =0,

for the reaction forces {R};, Rj5, Rg1, Rps} Yields

gy - MR (g(L? + 4R*) 11v4R N 3R? ]
T2+ RY)| VIZFR? 3L 2212 |

pr oML (g(L? + 4R*) 11v4R N 3R? ]
B T202+RY)| VIZ+R? 3L 2212 )|
i 3mL [ gRL , 2R? R*
BT +R) |Vz s D 912 6l*)|
i 3mL [ gl? N 20v2R +21R4
B2+ R)|VIZ+RZ 9L 404
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