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Heat Exchanger
4

1 = 95°C

T2

CkJ/kg0.4 o=pc

5000 kg/h=

3000 kg/hm =

1 2
= 30°C

T
3m

cp = 4.8 kJ/kg°C
= 20°CT3

What is the exit temperature  ?4T
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Fourier Law of Heat Conduction

 q = −k  ∇T  
In cartesian coordinates

in cylindrical coordinates

in spherical coordinates
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⋅
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The Conduction Equation
( )

    

  

2 qTk
t
Tc

qTk
t
Tc

+∇=
∂
∂

+∇⋅∇=
∂
∂

ρ

ρConduction equation

For k = const:

In cartesian coordinates

in cylindrical coordinates

in spherical coordinates

     2

2

2

2

2

2

q
z
T

y
T

x
Tk

t
Tc +








∂
∂

+
∂
∂

+
∂
∂

=
∂
∂ρ

 1) (1  2

2

2

2

q
z
TT

rr
Tr

rr
k

t
Tc +








∂
∂

+







∂
∂

+
∂
∂

∂
∂

=
∂
∂

θ
ρ

qT
r

T
rr

Tr
rr

k
t
Tc +








∂
∂

+







∂
∂

∂
∂

+







∂
∂

∂
∂

=
∂
∂

2

2

222
2

2 sin
1sin

sin
11

φθθ
θ

θθ
ρ



5

One-dimensional conduction
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Extended Surfaces
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A x( )
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2-D steady state conduction

Rectangular plate:
 

∂ 2θ
∂x 2 +

∂ 2θ
∂y2 = 0  ; θ = T − T1

( ) ( )
( ) ( ) oWxx

yLy
θθθ

θθ
==
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θ = 0θ = 0

θ = 0

θ = θ
o

T1

T1 T1

boundary cond.

Solution by separation of variables:

  

θ
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L
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Unsteady state conduction
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Convective boundary condition
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Semi-infinite solid
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Similarity solution

 
θ = erfc η or
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Other boundary conditions

Surface convection:

Solution

 qs = q0

  
T − Ti =

2q0 αt / π
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Navier–Stokes Equations

 
ρ

Dv
Dt

= −∇p + ρg + µ ∇2vNavier–Stokes equation
(incompressible)

In cartesian coordinates
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Thermal energy equation
The conduction equation

    2 qTk
t
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The energy equation adds to this convection and dissipation
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Boundary layer on a flat plate
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Boundary layer integral solution

 

y = 0      u = 0,    ∂ 2u
∂y 2 = 0

y = δ       u = U ,    
∂u
∂y

= 0

Boundary conditions

 u = C1 + C2 y + C3 y2 + C4 y3
Velocity profile

 

u
U

=
3
2

y
δ

 
 

 
 −

1
2

y
δ

 
 

 
 

3

 
τw = µ

∂u
∂y y=0

=
3
2

µU
δ

Wall shear stress
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Integral momentum solution

    
d

dx
39

280
ρU 2 δ 

 
  

 
 =

3
2

µU
δ

         w i t h b. c.     δ 0( ) = 0The equation

 
δ = 4.64

ν
U

x =
4.64
Re x

x .The solution

Shear stress

 

Cf

2
=

τw
ρU 2 = 0.323Rex

−1
2 .

 
τw = µ

∂u
∂y y=0

=
3
2

µ
U
δ

= 0.323µU
U
νx

= 0.323
ρU 2

Rex

Drag coefficient

 
C f = 2C f x = L

= 1.292 Re x
− 1

2 .Average drag coefficient
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Integral thermal boundary layer

  δ T

δ

ox

The equation
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The heat transfer coefficient

 
qw = −k

∂T
∂y y= o

= h Tw − T∞( )

 
h =

−k∂T
∂y y=o

Tw − T∞( ) = k
∂θ
∂y y=0

=
3
2

k
δT

=
3
2

×1.026 Pr1/3 Re x
4.64x

 
h =

1
L

hdx
0

L
∫ = 2h x = L

 
h =  0.332k

U
νx

 
 

 
 

1 / 2
Pr1/ 3

 
Nu x =

hx
k

=  0.332 Re1/ 2Pr1/3

 
Nu L =

h L
k

= 2 Nu x= L
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Turbulent boundary layers

 

τw
ρ

= ν + ε M( )∂u
∂y

Turbulent momentum transfer

 

qw
ρc

= α + εH( )∂T
∂yTurbulent heat transfer

 

d
dx 0
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∫ 1 −

u
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u
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ρU 2Integral momentum

 
u
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y
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 
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 
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1/ 7

Power-law  profile

 
τw = 0.0296

ν
Ux

 
 

 
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1/ 5
ρU 2Wall shear stress

 
d  δ
dx

=
72
7
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ν
U

 
 

 
 
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x−1 /5Boundary layer thickness
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Heat transfer analogy

 
δ
x

= 0.381Rex
−1/ 5− 10,256 Re x

−1Boundary layer thickness

 

Cf

2
=

τ w
ρU 2 = 0.0296

ν
Ux

 
 

 
 

1/ 5
Friction coefficient

 
Cf

2
= Stx Pr2 / 3Analogy

 St x Pr2 / 3 = 0.0296 Re−1/ 5

 Nu x = 0.0296 Re0.8 Pr1 /3 Re < 107or

 Nu L = 0.037 Re0.8 Pr1/ 3Average Nu for L >>xc
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Heat transfer in pipe flow

 
u

∂T
∂z

=
α
r

∂
∂r

r
∂T
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 
 

Energy equation
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u R 2 uTr  dr
0

R
∫Bulk temperature
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Asymptotic solution
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Nusselt number
Heat balance

( ) ( )www

w

R
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T
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−== ∫
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2               2
;0 2 2

  z    z + ∆z

  w = const             Nu D =
hD
k

= 4.364qNusselt No. for 

Nusselt No. for 
  
Tw = const             Nu D =

hD
k

= 3.658
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Turbulent heat transfer in pipes

( )
Rr

M
w

r
u
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+=
∂
∂εν

ρ
τ

( )
Rr

H
w

r
T

c
q

=

+−=
∂
∂εα

ρ

(1)Turbulent momentum transfer

(2)Turbulent heat transfer

 

qw
c τ w

= −
∂T
∂u

≈ −
∆T
∆u

=
Tw − T 

u  ε M = ε HDivide (1) by (2) for Pr=1, (3)

Force balance

DL
PDPDL ww /4

1         
4

2 ∆
=→⋅∆=⋅ τππτ

 τw

  P2  P1

2
2

8
         

2
 ufu
D
LfP w ρτρ
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Turbulent heat transfer analogy

 

qw
Tw − T 

1
ρu c

=
f
8

     →      
h

ρu c
=

f
8Combine (3) and (4)

 
St =

f
8

        Pr = 1Reynolds analogy

 
Nu D =

f
8

Re⋅ Pr1/3

 
f
8

= St ⋅ Pr2/3 ≡ jH
Reynolds-Colburn analogy

  f = 0.316 Re−0.25    →      Nu D = 0.0395 Re0.75 Pr1/3

  f = 0.184 Re−0.2    →       Nu D = 0.023 Re0.8 Pr1/3

 
DH =

4 A
P

For non-circular pipes
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Energy balance in pipes
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∆ − ∆
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wT
TiT∆

oT∆
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Empirical correlations

 

Nu D = 0.023Re0.8 Prn

n = 0.4  heating    n = 0.3  cooling
Dittus-Boelter correlation

 

hD
k

= C U maxD
ν

 
 

 
 

n
 Pr1/3

In line :       0.05 < C < 0.5,    0.55 < n < 0.8
Staggered :   0.2 < C < 0.6,    0.55 < n < 0.65

Convection to tube banks

∞U ∞U

Staggered In line
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Free convection

x

y

g

y

y

u

T g
x
py

y
ug

x
p

y
u

x
uu

∞−−=∞→

+−−=






 +

ρ
∂
∂

∂
∂µρ

∂
∂

∂
∂υ

∂
∂ρ

0        at   

2

2

(1)

(2)

Combining (1) and (2)

( ) 2

2

y
ug

y
u

x
uu

∂
∂µρρ

∂
∂υ

∂
∂ρ +−=







 + ∞ (3)

( )∞

∞

∞

∞

∞ −
−

=
−
−

≈





=

TTTTT p ρ
ρρυυ

υ∂
∂υ

υ
β 11

Expansion coefficient

( )∞∞ −=− TTρβρρ



29

Free convection equations

( ) ( ) θ
∂
∂νβ

∂
∂υ
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∂       ,2
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w ∆
−

=
−
−

==+ ∞

∞

∞θ
∂

θ∂α
∂
∂θυ

∂
∂θ          where  2

2

Energy 

Integral momentum equation

000

2

=

−∆= ∫∫
y

y
udyTgdyu

dx
d

∂
∂νθβ

δδ

Integral energy equation

00 y

d u dy
dx y

δ ∂θθ α
∂ =

= −∫
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Velocity and temperature profiles

( ) ( )

( )22 /1               

0      ,0     ,10

δθθ

∂
∂θδθθ
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ycybya

y y

−=→++=

===
=

Boundary cond.

Temperature profile

( ) ( )
ν

βδ
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y
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y
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y

∆
−=

∂
∂

=
∂
∂

==
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=0
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0,0,00

   Velocity profile

Boundary cond.

y /δ1/ 3

Velocity profile
u
ux

 

u
ux

=
y
δ

1−
y
δ

 
 
  

 
 

2
,   ux = u0

gβδ 2∆T
4ν

,   umax =
4
27

ux
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Free convection integral solution

( )
δ

νδβδ x
x

uTgu
dx
d

−∆=   
3
1

105
1Integral momentum equation yields

( )
δ

αδ Tu
dx
dT

x
∆

=
∆ 2
30

Integral energy equation yields

 ux = C1x m ,       δ = C2x nLet

( ) ( ) nmnnm x
C
CxTCgxnmCC −−+ −

∆
=+ νβ

2

1212
2

2
1

2

4
27

3
2

105
4/27Get

 

27
4

C1C2 m + n( )
30

xm +n −1 =
2α
C2

x−n

nnmnmnnm −=−+−==−+ 1       ,12

 
m =

1
2

 ,       n =
1
4
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Boundary layer thickness

  

C1 =
320ν

272 15
20
21

+ Pr 
 

 
 

−1/ 2 gβ∆T
ν2

 
 

 
 

1/ 2

C2 = 2401/ 4 20
21

+ Pr 
 

 
 

1/ 4 gβ∆T
ν2

 
 

 
 

−1/ 4
Pr−1/2

 
Grx =

g β∆T  x3

ν 2The Grashof number

 

δ = C2  xn   →      δ
x

=
C2

x3/ 4

δ
x

= 3.93 Pr −1/ 2 0.952 + Pr
Grx

 
 
  

 
 

1/ 4

 

Since

Therefore



33

The heat transfer coefficient

  
h =

2k
δ

,     →     Nux =
0.508 Pr1/2Grx

1/4

0.952 + Pr( )1/ 4

  
qw = h  ∆T = −k

∂T
∂y y=0

= −k  ∆T
∂θ
∂y y= 0

= −k  ∆T −
2
δ

 
 

 
 Heat flux

Nusselt No.

  

h =
1
L

h  dx
0

L
∫ =

4
3

h x= L

Nu =
4
3

Nu x=L

Average values

  
β =

1
T

≈
1

T∞
      →       Nu x = 0.378 Grx

1/ 4For air
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Empirical correlations

 Nu = C GrL  Pr( )m = C  RamGeneral form

 
Ra = Gr ⋅ Pr =

g β∆T L3

ανThe Rayleigh No.

Ra > 109
Turbulent flowLaminar flow

Ra < 109Equations for air

  

Vertical  plate or cylinder h = 1.42
∆T
L

 
 
  

 
 

1 / 4
h = 1.31 ∆T( )1/ 3

Horizontal cylinder h = 1.32
∆T
d

 
 
  

 
 

1 / 4
h = 1.24 ∆T( )1/ 3

Horizontal heated plate ↑ h = 1.32
∆T
L

 
 
  

 
 

1 / 4
h = 1.52 ∆T( )1/ 3
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Radiation
 0.01µm < λ < 10µmThermal radiation

 0.35µm < λ < 0.78µmVisible light

 c = λ ⋅ν         where        c = 3 × 108 m/sSpeed of light

Radiating and irradiated bodies

Irradiation - G
Emission - E
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Black body radiation

 
Ebλ =

2πhc 2

λ5 ehc / λkT −1( )  
W

m2 ⋅ µm
 

  
 

  Black body spectral 
emissive power - Planck law

 h = 6.626176 × 10−34 J ⋅ sPlanck’s constant

 

Ebλ

T 5 =
c1

λT( )5 ec2 / λT − 1( ) 





== ∫

∞

2
4

0    
m
WTdEE bb σλλ

Black body total emissive 
power - Stefan-Boltzmann law

σ = 5.669 × 10−8 W
m2 ⋅ K4 = 0.1714 × 10−8 BTU

hr ⋅ ft2 ⋅o R4where

[ ]W 4 ATAEQ bb σ==Heat transfer rate
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Irradiated body
α + ρ + τ = 1In general

1                           1 ==+ αρα Black body:Opaque body:

EA

αAqi

1⋅=

=

AqAE

AqEA

ib

i αIn general:

For black body:

 ∴ α = E / Eb

 

ε = E / Eb

ε = α
Define emissivity

Kirchhoff’s Law

 ελ = Eλ / Ebλ = ε = constDefinition of gray body

4 TAQ σε=For gray body
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Radiation shape factor

  Fm  n
- Fraction of radiation energy leaving m and reaching n

2212112121 bb EFAEFAQ −=−Net radiation between black bodies

212121

2121

           
     0

FAFA
EEQ bb

=∴
==− T1 = T2For

( ) ( )212122112121 bbbb EEFAEEFAQ −=−=−

  
Fij

j =1

n

∑ = 1.0Shape factor relations

  F1−2,3 = F1−2 +F1−3

  
F12 =

A2

A1
F21
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Radiation between gray bodies

Eb

J

G

J - radiosity,      G - irradiation

GJ
A
Qq −==

( )

( ) 





−
−

=

−+=+=

2m
W  

1

1

ε
ε

εερε

b

bb

EJG

GEGEJ

Irradiation, i.e., total radiation
arriving at surface

( ) A
JEQ b

εε−
−

=
1   

1 − ε
ε A

JbE
Net heat transfer from gray body

22

2

12111

1

21

121

21
21 1111

AFAA

EE
FA
JJQ bb

ε
ε

ε
ε −

++
−

−
=

−
=−

Radiation heat transfer
between two gray bodies
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Gray body relations

( )

22

2

12111

1

4
2

4
1

21 111
AFAA

TTQ

ε
ε

ε
ε

σ
−

++
−

−
=−

Radiation between two gray bodies

  

1 − ε 1

ε 1 A 1   

1
A 1 F 12   

1 − ε 2

ε 2 A 2

  E b 1   E b 2

( )
1/1/1 21

4
2

4
1

21 −+
−

=− εε
σ TTAQ

 

F12 = F21 = 1
A1 = A2

Special case:

( )

( ) ( )
22

2

232131
121

11

1

4
2

4
1

1 1

/1/1
1

11
 

A
FAFA

FAA

TTQ

ε
ε

ε
ε

σ
−

+

+
+

+
−

−
=

1 − ε 1

ε 1A1

1
A1F12

1 − ε 2

ε 2 A 2

E b 1 Eb 2

33 bEJ =

Reradiating surface (3)
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Radiation shields

1 − ε 2

ε 2 A 2

Eb 1 E b 2

A3

31
ε

ε−
13

1
AFA1

11
ε

ε−
32

1
AFA3

31
ε

ε−
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−
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−
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−
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+
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Heat Exchangers - Classification

a.  Classification by type:
Regenerators
Recuperators

b. Classification by flow character:
Single phase: liquid–liquid, liquid–gas, gas–gas.
Two-phase: boilers, reboilers, evaporators, condensers

c.  Classification by shape:
double pipe, shell-and-tube, plate h.e., air radiator,
stirred tank heat exchanger.  
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Thermal design problems

Problem #1:
Given entrance temperatures of the two streams,
given one exit temperature;
find heat-transfer area, A.

Problem #2:
Given entrance temperatures of the two streams,
given the heat-transfer area, A;
find the exit temperatures of the two streams.
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Design algorithm

Input Calculation Results

1. Flowrates A. Calculation of Exit temperatures 

2. Temperatures size and geometry for given area

3. Pressures B. Heat transfer Heat transfer area for

4. Shape of h.e. correlations (h) given thermal load

5. Properties of fluids C. Pressure drop Pressure drops

6. Fouling factors correlations (h)
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Flow configurations

T 1

T 2

T 1

T 2

t 2

t 2t 1

t 1  A

T 1

T 2

T 2

T 1

t 2

t 2

t 1

t 1

 A
Counter-current Co-current

t 1

t 2
T 1

T 2

T 2

T 1

t 2

t 1

t 1

t 2 T 2

T 1

T 1T 2
t 2

t 1  A A
Heat exchanger with 1 shell and 2 tube passes
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Overall heat transfer coefficient
TUAQ ∆=Plane wall

 

1
U

=
1

hA
+ R FA +

∆x
k

+ R FB +
1

hB

TAUQ oo ∆=Cylindrical wall

  

1
U o

=
Do

Di

 

 
 

 

 
 

1
hi

+
Do

Di

 

 
 

 

 
 RFi +

Do

2k
ln

Do

Di

 

 
 

 

 
 + R Fo +

1
ho

Typical correlation for h 

  

hD
k

= 0.023
Dv 
ν

 
 
 

 
 
 

0.8 cp µ
k

 
 
 

 
 
 

1/ 3
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Thermal analysis
1.  Mass balance NAum xρ=

( ) ( )hhcc hhmhhmQ 2112 −=−=2.  Heat balance

( ) ( )2112 TTcmttcmQ hhcc −=−=For  h = cT

B

A

BA
ooLMoo

T
T

TTAUTAUQ

∆
∆

∆−∆
=∆=

ln
3.  Rate equation

Rate equation for multi-pass etc.
( ) ( )

( )
( )

F

tT
tT

tTtTAUFTAUQ ooLMoo ⋅

−
−

−−−
=⋅∆=

12

21

1221

ln
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HEAT TRANSFER WITH PHASE CHANGE

BOILING
The Pool Boiling Curve
The Boiling Process
Nucleate Boiling Correlations
Critical Heat Flux Correlations
Film Boiling Correlations
Forced Convection Boiling
Flow Boiling Correlations
CONDENSATION
Dropwise vs. Filmwise Condensation
Condensation on Vertical Surfaces
Condensation on Horizontal Tubes
Condensation Inside Tubes
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Pool boiling

satT

p
Vapor-liquid equilibrium

r
pp

TT

LG

LG

LG

σ
µµ

2
+=

=
=

Temperature that sustains
a bubble of radius r

( ) 







−

+=
GLLG

LG
Lsat

L

rh
pTT

ρρ
ρσυ 21Nukiyama's Experiment

Given  q find  Tw
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Boiling Curve
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Effect of surface roughness on boiling
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Boiling heat transfer coefficient

satw
b TT

qh
−

=
"

Heat transfer coefficient

Lsatw

B

L

Bb

kTT
Dq

k
Dh

)(
"Nu

−
== ( )LBf Pr,ReNu =Nusselt number ;

L

BBDG
µ

=Re
2/1

)(
20148.0 








−

=
GL

B g
D

ρρ
σβ

fnDG BBB ρπ 3

6
=whereReynolds number

n
satw TTq )( −∝ 3≈nHeat flux where
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Pool boiling correlations
3
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2/1
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Film boiling – minimum heat flux
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Forced convection boiling
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Convective boiling & quality

0=x 1=x

Definition of quality
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LGL
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hhxxhhh

mmx
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= /
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z

dzzq
m

Rhh
0

20 π

At equilibrium

Enthalpy along the tube
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Flow regions in convective boiling
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The boiling map
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Forced convection correlation
Superposition analysis

fcvnb hhh +=

Dittus-Boelter forced convection correlation

D
kh L

LLfcv
4.08.0 PrRe023.0=

L
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DxG
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)1(Re −
=where

Forster & Zuber (1955)nucleate boiling correlation
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h ∆∆







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Dropwise vs. film condensation
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Condensation on Vertical Surfaces
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Momentum equation
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Boundary conditions
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Nusselt solution
4/13
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Variable liquid properties correction

Turbulent film condensation (Colburn)
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Condensation on Horizontal Tubes

Nusselt analysis

4/13)(727.0 
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kghh
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LLGGL
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ρρ
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Condensation inside horizontal tubes

1/ 43)0.557 L G LG Lgh kh
D T

ρ ρ
ν∆

 −
=  
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2
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Dh ρρ

µ
+






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=

 
 
 

 2 φ

Chato equation (1962)

Boyko and Kruzhilin equation (1967)

This equation holds also for inclined and vertical tubes
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