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1. Introduction

Continuum Mechanics is concerned with the fundamental equations that describe the
nonlinear thermomechanical response of all deformable media. Although the theory is a
phenomenological theory, which is proposed to model the macroscopic response of
materials, it even is reasonably accurate for many studies of micro- and nano-mechanics
where the typical length scales approach, but are still larger than, those of individual
atoms. In this sense, the general thermomechanical theory provides a theoretical
umbrella for most areas of study in mechanical engineering. In particular, continuum
mechanics includes as special cases theories of: solids (elastic, plastic, viscoplastic, etc),
fluids (compressible, incompressible, viscous) and the thermodynamics of heat
conduction including dissipation due to viscous effects.

The material in this course on continuum mechanics is loosely divided into four parts.
Part 1 includes sections 2-5 which develop a basic knowledge of tensor analysis using
both indicial notation and direct notation. Although tensor operations in general
curvilinear coordinates are needed to express spatial derivatives like those in the gradient
and divergence operators, these special operations required to translate quantities in direct
notation to component forms in special coordinate systems are merely mathematical in
nature.  Moreover, general curvilinear tensor analysis unnecessarily complicates the
presentation of the fundamental physical issues in continuum mechanics. Consequently,
here attention is restricted to tensors expressed in terms of constant rectangular Cartesian
base vectors in order to simplify the discussion of spatial derivatives and concentrate on
the main physical issues.

Part 2 includes sections 6-13 which develop tools to analyze nonlinear deformation
and motion of continua. Specifically, measures of deformation and their rates are
introduced. Also, the group of superposed rigid body motions (SRBM) is introduced for
later fundamental analysis of invariance under SRBM.

Part 3 includes sections 14-23 which develop the balance laws that are applicable for
general continua. The notion of the stress tensor and its relationship to the traction vector
is developed. Local forms of the equations of motion are derived from the global forms
of the balance laws. Referential forms of the equations of motion are discussed and the

relationships between different stress measures are developed. Also, invariance under
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SRBM of the balance laws and the kinetic quantities are discussed. Although attention is
focused on the purely mechanical theory, the first law of thermodynamics is introduced to
show the intimate relationship between the balance laws and invariance under SRBM.
Part 4 includes sections 24-29 which present an introduction to constitutive theory.
Although there is general consensus on the kinematics of continua, the notion of
constitutive equations for special materials remains an active area of research in
continuum mechanics. Specifically, in these sections the theoretical structure of
constitutive equations for nonlinear elastic solids, isotropic elastic solids, viscous and

inviscid fluids and elastic-plastic solids are discussed.



2. Indicial Notation

In continuum mechanics it i1s necessary to use tensors and manipulate tensor
equations. To this end it is desirable to use a language called indicial notation which
develops simple rules governing these tensor manipulations. For the purposes of
describing this language we introduce a set of right-handed orthonormal base vectors

denoted by (e;.e,,e5). Although it is not our purpose here to review in detail the subject

of linear vector spaces, we recall that vectors satisfy certain laws of addition and

multiplication by a scalar. Specifically, if a,b are vectors then the quantity

c=a+b 2.1
is a vector defined by the parallelogram law of addition. Furthermore, we recall that the
operations

a+b=>b+a (commutative law) , (2.2a)
(a+b)+c=a+(b+c) (associative law) , (2.2b)
o a = a o (multiplication by a real number) , (2.20)
a*b=bea (commutative law) , (2.2d)
a*(b+c)=a*b+a-°c (distributive law) , (2.2e)
a(aeb)=(oa)eb (associative law) , (2.2)
axb=-bxa (lack of commutativity) , (2.2g)
ax(b+c¢c)=axb+axc (distributive law) , (2.2h)
a(axb)=(oa)xb (associative law) , (2.21)

are satisfied for all vectors a,b,c and all real numbers o, where a * b denotes the scalar
product (or dot product) and a X b denotes the vector product (or cross product) between
the vectors a and b.

Quantities written in indicial notation will have a finite number of indices attached to
them. Since the number of indices can be zero a quantity with no index can also be
considered to be written in index notation. The language of index notation is quite simple
because only two types of indices may appear in any term. Either the index is a free
index or it is a repeated index. Also, we will define a simple summation convention
which applies only to repeated indices. These two types of indices and the summation

convention are defined as follows.



Free Indices: Indices that appear only once in a given term are known as free indices.
For our purposes each of these free indices will take the values (1,2,3). For example, 1 is
a free index in each of the following expressions

(X1, %y,X3) =% (1=1,2,3) , (2.3a)
(e;.e,,e3)=¢ (i=1,2,3) . (2.3b)

Repeated Indices: Indices that appear twice in a given term are known as repeated

indices. For example 1 and j are free indices and m and n are repeated indices in the
following expressions

abc T d ,A

i j m "mn n

7A'

imn Bjmn :

(2.4a,b,c)

immjnn

It is important to emphasize that in the language of indicial notation an index can never

appear more than twice in any term.

Einstein Summation Convention: When an index appears as a repeated index in a
term, that index is understood to take on the values (1,2,3) and the resulting terms are
summed. Thus, for example,

X;€ =X € +X,€ +X3€;3 . 2.5)

Because of this summation convention, repeated indices are also known as dummy

indices since their replacement by any other letter not appearing as a free index and also

not appearing as another repeated index does not change the meaning of the term in
which they occur. For examples,

X € =X € , 2 b ¢, =3 bj ¢ - (2.6a,b)

It is important to emphasize that the same free indices must appear in each term in an

equation so that for example the free index i in (2.6b) must appear on each side of the

equality.



Kronecker Delta: The Kronecker delta symbol 81j is defined by
1 ifi=j
81j=ei'ej={0ifi¢j- (2.7)

Since the Kronecker delta 81j vanishes unless i=j it exhibits the following exchange

property
Sijxj=(81jxj,82jxj,83jxj)=(x1 s Xy, X3 ) =X . (2.8)
Notice that the Kronecker symbol may be removed by replacing the repeated index j in
(2.8) by the free index 1i.
Recalling that an arbitrary vector a in Euclidean 3-Space may be expressed as a linear

combination of the base vectors e, such that
a=a. e. , (29)
it follows that the components a, of a can be calculated using the Kronecker delta

a=eca=e-°(a e )=(e%e )a =98 a =a . (2.10)
Notice that when the expression (2.9) for a was substituted into (2.10) it was necessary to
change the repeated index i in (2.9) to another letter (m) because the letter i already
appeared in (2.10) as a free index. It also follows that the Kronecker delta may be used to

calculate the dot product between two vectors a and b with components a;, and b,
respectively by

asb=(ae)e(be)=a (eee)b=a8b=ab . (2.11)

Permutation symbol: The permutation symbol Eiik is defined by

1 if (i,j,k) are an even permutation of (1,2,3)
Eijk = € % € e = -1 'if (1,,k) are an odd permutation of (1,2,3) (2.12)
0 1if at least two of (i,J,k) have the same value

From the definition (2.12) it appears that the permutation symbol can be used in
calculating the vector product between two vectors. To this end, let us prove that

€ X € =g €. (2.13)



Proof: Since e; X € is a vector in Euclidean 3-Space for each choice of the values of i and

J it follows that it may be represented as a linear combination of the base vectors e, such

that

€ xe=Ay e , (2.14)

where the components Aijk need to be determined. In particular, by taking the dot
product of (2.14) with e, and using the definition (2.12) we obtain

eijk =¢ X ej ce = Aijm €, °€ = Aijm 8mk = Aijk , (2.15)
which proves the result (2.13). Now using (2.13) it follows that the vector product

between the vectors a and b may be represented in the form
axb=(ae)Xx (bj ej) = (e; X ej) a bj =&k bj € - (2.16)
Contraction: Contraction is the process of identifying two free indices in a given

expression together with the implied summation convention. For example we may

contract on the free indices 1,j in 81j to obtain
Note that contraction on the set of 9=32 quantities Tij can be performed by multiplying
T;; by 81j to obtain

Tj; 0 =Tj; - (2.18)



3. Tensors and Tensor Products

A scalar is sometimes referred to as a zero order tensor and a vector is sometimes
referred to as a first order tensor. Here we define higher order tensors inductively starting
with the notion of a first order tensor or vector.

Tensor of Order M: The quantity T is called a tensor of order M (M=2) if it is a

linear operator whose domain is the space of all vectors v and whose range Tv or vT is a

tensor of order M—1. Since T is a linear operator it satisfies the following rules

Tv+w)=Tv+Tw , (3.1a)
o(Tv) = (aT)v=T(av) , (3.1b)
(v+w)T=vT +wT , (3.1¢)
o(vT) = (ov)T = (vDa (3.1d)

where v,w are arbitrary vectors and o is an arbitrary real number. Notice that the tensor
T may operate on its right [e.g. (3.1a,b)] or on its left [e.g. (3.1c,d)] and that in general
operation on the right and the left is not commutative

Tv #vT (Lack of commutativity in general) . (3.2)

Zero Tensor of Order M: The zero tensor of order M is denoted by 0(M) and is a

linear operator whose domain is the space of all vectors v and whose range 0(M-1) is the
zero tensor of order M—1.

OM)v=vOM)=0M-1) . (3.3)
Notice that these tensors are defined inductively starting with the known properties of the
real number O which is the zero tensor 0(0) of order 0.

Addition and Subtraction: The usual rules of addition and subtraction of two tensors

A and B apply when the two tensors have the same order. We emphasize that tensors of
different orders cannot be added or subtracted.

In order to define the operations of tensor product, dot product, and juxtaposition for
general tensors it is convenient to first consider the definitions of these properties for the

special case of the tensor product of a string of M (M=2) vectors (al,az,a3,...,aM). Also,

we will define the left and right transpose of the tensor product of a string of vectors.
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Tensor Product (Special Case): The tensor product operation is denoted by the

symbol ® and it is defined so that the tensor product of a string of M (M=1) vectors

(a;,a,,a5,...,a)) is a tensor of order M having the following properties
(a,®a,®a;®...Q0a,,; ®ay,) v=_(ay°*V)(a,;®a,0a;8..®a, ) , (3.4a)
v (a,®a,®a;®...Qa), ®a,,) =(vea)) (a,0a;...®a,,) , (3.4b)

oa;®a,®...®a, ) = (0a;®a,R...Qa,,) = (a;B0a,R...8a,,)
=..=(a;®a,®...00a,,) = (a,;®a,®...Q0a, o , (3.40)
(a,®a,®a;®...Qa_ ®{ay + wi®a, ®..Qay,; ®a,,)
= (a,®a,®a,;8..Qay_®ay®ay ®..Qay, ®a,,)
+(a,®a,®a,8...Qay_®Ow®ay ®..Qay; ®ay,)

for IsK<M , (3.44d)
where v and w are arbitrary vectors, the symbol (¢) in (3.4) is the usual dot product
between two vectors, and o is an arbitrary real number. It is important to note from

(3.4a,b) that in general the order of the operation is not commutative. As specific

examples we have
(a,®a,)v=(a*v)a; , v(a,®a,))=(a;*v)a, , (3.5a,b)

Dot Product (Special Case): The dot product operation between two vectors may be

generalized to an operation between any two tensors (including higher order tensors).
Specifically, the dot product of the tensor product of a string of M vectors

(a;,a,,a5,...,a)) with the tensor product of another string of N vectors (b;,b,,bs,....by) is

a tensor of order IM-NI which is defined by
(a,®a,®a;&...Qa,,) * (b;®b,®b,;&...Bby)

N
= (a1®a2®...®aM_N){ IT (ayn +K-bK)} (for M>N) , (3.6a)
K=1

(a,®a,®a,®...0ay,) * (b,®b,®b,®...8by)

11



M
={ I (aK-bK)} (for M=N) , (3.6b)
K=1

(a,®a,®a,®...0a,,) * (b,®b,®b;®...8by)

M
={ I1 (ag bK)} (byg,  ®byr,,®...®by) (for M<N) | (3.6¢)
K=1

where II is the usual product operator indicating the product of the series of quantities

defined by the values of K

N
{ I (aK°bK)} = (a, *b,)(@, * by)(az * by) ... (ay * by) 3.7)
K=1

Note from (3.6a,c) that if the orders of the tensors are not equal (M#N) then the order of
the dot product operator is important. However, when the orders of the tensors are equal
(M=N) then the dot product operation yields a real number (3.6b) and the order of the

operation is unimportant (i.e. the operation is commutative). For example,

(a,®a,) * (b;®b,) = (a, * b)) (a,* b,) , (3.82)
(a,®a,®a;) * (b, ®by) =a, (a,*b,) (a3 *b,) , (3.8b)
(a,®a,) * (b;®b,®b;) = (a, * b,) (a,* by) bs . (3.8¢)

Cross Product (Special Case): The cross product of the tensor product of a string of

M vectors (a;,a,,as,...,ay,) with the tensor product of another string of N vectors
(bl,bz,b3,...,bN) is a tensor of order M if M=N and of order N if N>M, which is defined
by

(a;®a,®a;®...Qa, ) X (b;®b,®b,;&...Bby)

N
= (a1®a2®...®aM_N){ I1 ®(ay; N +K><bK)} (for M>N) , (3.9a)
K=1

(a;®a,®a;®...Qa, ) X (b;®b,®b,;&...Bby)
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M
=(a; X b)) ®{ I (aKbe)} (for M=N) , (3.9b)
K=2

(a;®a,®a;®...Qa, ) X (b;®b,®b,;&...Bby)

M
- { I (aKbe)®}(bM+1®bM+2®...®bN) (for M<N) , (3.9¢)
K=1

Note from (3.9) that the order of the cross product operation is important. For examples

we have
(a;®a,) X (b;®b,) =(a; Xxb))®(a, xXhb,) , (3.10a)
(a;®a,®az) X (b;®b,) =a,®(a, xb)®&(a; xb,) , (3.10b)
(a;®a,) X (b;®b,®by) = (a; X b)®(a, Xb,)®b, . (3.10c¢)

Juxtaposition (Special Case): The operation of juxtaposition of the tensor product of

a string of M (Mz1) vectors (a;,a,,as,...,ay;) with another string of N (Nz1) vectors
(b{,by,bs,....by) is a tensor of order M+N-2 which is defined by

(a,®a,®a,®...0a,,)(b,®b,®b,®...®by)

=(ay;* b)) (a;®a,®a;X...Qa),; ;®b,®b;®...®by) . (3.11)

It is obvious from (3.7) that the order of the operation juxtaposition is important. For
example,

ab;=a;*b,, (3.12a)

(a;®a,)(b;®b,) =(a, *b;) (a;®b,) . (3.12b)

Note from (3.11a) that the juxtaposition of a vector with another vector is the same as the
dot product of the two vectors. In spite of this fact we will usually express the dot
product between two vectors explicitly.

Transpose (Special Case): The left transpose of order N of the tensor product of a

string of M (M=2N) vectors is denoted by a superscript LT(N) on the left-hand side of the

string of vectors and is defined by

LT(N)[ (al®az®. . -®aN)®(aN+1®aN+2®' : ‘®a2N) ]

13



LICINIRL IR YY)
= [ (aN+1®aN+2®...®32N)®(al®az®...®aN) ]
®(ayn, P2y, ®ay,) for M = 2N (3.13)

Similarly, the right transpose of order N of the tensor product of a string of M (M=2N)
vectors 1s denoted by a superscript T(N) on the right-hand side of the string of vectors

and is defined by
(a,®a,®...Qay; »\)

Ol (A on+1 P2y on 2@ Oy )@y N, Oy NSy 1T

=(a;®a,®...®ay; ,\)

BL(@ap N1 B2y N2 B B(@p N4 BN o2 BBy )]

forM=2N  (3.14)
The notation T(N) is used for the right transpose instead of the more cumbersome
notation RT(N) because the right transpose is used most frequently in tensor
manipulations. Similarly, for simplicity the left transpose of order 1 will merely be
denoted by a superscript LT and the right transpose of order 1 will be denoted by a

superscript T so that
LT(a,®a,)®(a,®a,®...®a,) = (a,®a,)®(a;®a,®...®a,,) , (3.152)
(al®az®...::\1\,1_2)@)(::\1\,[_1@)::\M)T = (a;®a,®...ay; ,)®(ay®ay ) . (3.15b)

For example,

LT(a,®a,)®a; = (a,®a,)®a; , a,®(a,®a;)! =a;®(a;®a,) , (3.16a,b)
LTQ)[ (a,;®a,)®(a;®a,) | = (a;®a,)®(a,®a,) , (3.16¢)
[ (a,®a,)®(a;®a,) |T? = (a;®a,)®(a,®a,) . (3.16d)
From (3.16¢,d) it can be seen that the right and left transposes of order 2 of the tensor

product of a string of vectors of order 4 (2x2) are equal. In general the right and left

transposes of order N of the tensor product of a string of vectors of order 2N are equal so

that

LT(N)[ (al®az®. . -®aN)®(aN+1®aN+2®' : ‘®a2N) ]
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= [ (aN+1®aN+2®...®32N)®(al®az®...®aN) ]
=[ (a,®2a,®...®ay)®(ay, | ®ay,,®...®a,y) 1TV . (3.17)
Using the above definitions we are in a position to define the base tensors and
components of tensors of any order on a Euclidean 3-space. To this end we recall that e;

are the orthonormal base vectors of a right-handed rectangular Cartesian coordinate

system. It follows that e; span the space of vectors.

Base Tensors: It also follows inductively that the tensor product of the string of M
vectors
(ei®ej®ek®...®er®es®et) , (3.18)
with M free indices (i,j.k....,r,s,t) are base tensors for all tensors of order M. This is
because when (3.18) is in juxtaposition with an arbitrary vector v it yields scalar
multiples of the base tensors of all tensors of order M—1, such that

(ei®ej®ek®...®er®es®et) v=(e*V) (ei®ej®ek®...®er®es) , (3.19a)
v (ei®ej®ek®...®er®es®et) =(e;*V) (ej®ek®...®er®es®et) . (3.19b)

Components of an Arbitrary Tensor: By definition the base tensors (3.18) span the

space of tensors of order M so an arbitrary tensor T of order M may be expressed as a

linear combination of the base tensors such that

T= Tijk...rst (ei®ej®ek®...®er®es®et) , (3.20)

where the coefficients T in (3.20) are the components of T relative to the coordinate

ijk...rst

system defined by the base vectors e, and the summation convention is used over

repeated indices in (3.20). Using the above operations these components may be
calculated by

T =Te (ei®ej®ek®...®er®es®et) . (3.21)

ijk...rst
Notice that the components of the tensor T are obtained by taking the dot product of the
tensor with the base tensors of the space defining the order of the tensor, just as is the

case for vectors (tensors of order one).

15



Tensor Product (General Case): Let A be a tensor of order M with components

A and let B be a tensor of order N with components B then the tensor product

ij...mn I5...VW

of A and B
A®B=A..

1j...mn BIS...VW

( ei®ej®...®em®en®er®es®...ev®ew) , (3.22)

is a tensor of order (M+N).

Dot Product (General Case): The dot product A * B of a tensor A of order M with a

tensor B of order N is a tensor of order IM-NI. As examples let A and B be second order

tensors with components Aij and B i and let C be a fourth order tensor with components

Cijkl’ then we have

AeCxC-A . (3.23d)

Cross Product (General Case): The cross product A X B of a tensor A of order M

with a tensor B of order N is a tensor of order M if M=N and of order N if N=M. As

examples let v be a vector with components v; and A and B be second order tensors with

components A, and Bjs' Then we have

AXv=A, v.e®(e xe)=¢ A v (eRe) , (3.24a)
VXA=v A (e Xe)®e =€, v A, (e®e) , (3.24b)
AXB=A; Bjs (e; X ej)®(er xe) = €iikErst Ay Bjs e, ®e , (3.24¢)
BxA= Bjs A, (ej xe)d(e xe)= €iikErst Ay Bjs €, ®e , (3.244)
AXvzvXA , AXB=BXxA . (3.24¢,1)

Note that in general the cross product operation is not commutative. However, from
(3.24f) we observe that the cross product of two second order tensors is commutative.

Juxtaposition (General Case): Let A be a tensor of order M with components A

ij...mn

and B be a tensor of order N with components B Then juxtaposition of A with B is

IS...VW*

denoted by
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AB=A

~ “Mj..mn Brs...vw

en°er)(ei®ej®... ®e, Ve ®..e Qe ) ,

(¢,® €, ®..Qe Qe )(e. e B..e e ) ,

= Aij...mn Brs...vw (

=A. B ) (ei®ej®...®em®es®...ev®ew) ,

ij..mn T rS...vW - nr

A

=Ajj mn B vw(€® €, ®..Qe Qe ®..e Qe ), (3.25)
and is a tensor of order (M+N-2). Note that the juxtaposition of a tensor with a vector is
the same as the dot product of the tensor with the vector.

Transpose of a Tensor: Let T be a tensor of order M with components T

ijkl...rstu

relative to the base vectors e,. Then with the help of (3.11)-(3.14) we define the Nth

order (2N<M) left transpose “T™NT and right transpose TT™) of T. For example

T =Ty s (€8€)®(e, ®e)®...0(e,Re)®(eBe,) | (3.26a)
MIT = Ty (6,0€)D(e, Qe ®... (e, @ )D(e,®e,) | (3.26b)
TT =Ty s (€:0€)®(e,Re)®... (e, Re )®(e,De,) (3.26¢)
FTOT = Ty 1 (6,8€)B(e,@e)®... (e, ®e)®(eBe,) | (3.26d)
TT® =T o (6®€)®(e, ®e)®...0(e e, )B(e,Be,) (3.26e)

where we recall that the superscripts LT and T in (3.26b,c) stand for the left and right
transpose of order 1. In particular note that the transpose operation does not change the
order of the indices of the components of the tensor but merely changes the order of the
base vectors. To see this more clearly let T be a second order tensor with components Tij
so that

T=T;e®e¢ , T =T;eQe="1T, (3.27a,b)

It follows that for an arbitrary vector v we may deduce that
Tv=vTl  TTv=vT. (3.28a,b)
Also, we note that the separate notation for the left transpose has been introduced to

avoid confusion in interpreting an expression of the type ATB which is not equal to

ALTB,
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Identity Tensor of Order 2M: The identity tensor of order 2M (M=1) is denoted by

I(2M) and is a tensor that has the property that the dot product of I(2M) with an arbitrary
tensor A of order M yields the result A, such that
ICM)eA=AICM)=A . (3.29)

Letting ei@)ej@)...@)es@)et be the base tensors of order M we may represent I in the form
I2M) = (ei®ej®...®es®et) ® (ei®ej®...®es®et) , (3.30)

where we emphasize that summation over repeated indices is implied in (3.30). Since the
second order identity tensor appears often in continuum mechanics it is convenient to
denote it by I. In view of (3.30) it follows that the second order identity I may be
represented by

I=¢®e . (3.31)

Using (2.7) and (3.31) it may be shown that the components of the second order identity
tensor are represented by the Kronecker delta symbol so that

I+ (e®e) =3, . (3.32)

Zero Tensor of Order M: Since all components of the zero tensor of order M are 0
and since the order of the tensors in a given equation will usually be obvious from the
context we will use the symbol O to denote the zero tensor of any order.

Lack of Commutativity: Note that in general, the operations of tensor product, dot
product, cross product and juxtaposition are not commutative so the order of these
operations must be preserved. Specifically, it follows that

A®B#B®A , ABxB*A , AXxB#BxA , ABBA. (3.33a,b,c,d)

Permutation Tensor: The permutation tensor € is a third order tensor that may be

defined such that for any two vectors a and b we have
(a®b)ee =axb . (3.34)
Using (2.12) and (3.34) it may be shown that the components of the permutation tensor €
may be represented by the permutation symbol such that
€ (ei®ej®ek) =& (3.35)
It also follows that
€ (a®b)=axb . (3.36)
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Hierarchy of Tensor Operations: To simplify the notation and reduce the need for

using parentheses to clarify mathematical equations it is convenient to define the
hierarchy of the tensor operations according to Table 3.1 with level 1 operations being
performed before level 2 operations and so forth. Also, as is usual, the order in which
operations in the same level are performed is determined by which operation appears in

the most left-hand position in the equation.

Level Tensor Operation
1 Left Transpose (LT) and Right Transpose (T)
2 Juxtaposition and Tensor product (&)
3 Cross product (X)
4 Dot product (*)
5 Addition and Subtraction

Table 3.1 Hierarchy of tensor operations

Gradient: Let x; be the components of the position vector x associated with the
rectangular Cartesian base vectors e;. The gradient of a scalar function f with respect to

the position X is a vector denoted by grad f and represented by

grad f=V f=0f/ox =of/ox e =f, e (3.37)

'm €m >
where for convenience a comma is used to denote partial differentiation. Also, the
gradient of a tensor function T of order M (M=1) is a tensor of order M+1 denoted by
grad T and represented by

grad T=0T/ox =dT/ox ,®e =T, ®e_ . (3.38)

Note that we write the derivative dT/0x on the same line to indicate the order of the
quantities. To see the importance of this, let T be a second order tensor with components

Tij so that

grad T = 9T/0x = [T}, e®e;l/dx,, ®e, =T, €®e®e, . (3.39)

ij i ij’m i
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Divergence: The divergence of a tensor T of order M (M=1) is a tensor of order
M-1 denoted by div T and represented by

JoT
divT = ﬁ ce. (3.40)

For example if T is a second order tensor then from (3.31),(3.39) and (3.40) we have
divT = Tij’j e . (3.41)
Curl: The curl of a vector v with components v; is a vector denoted by curl v and

represented by

v
curl v= — axj X €= — Vi & € = Vi Ejjp € - (3.42)

Also, the curl of a tensor T of order M (M=1) is a tensor of order M denoted by curl T

and represented by

T
curl T=- X, xXe . (3.43)

For example, if T is a second order tensor with components Tij then

curl T =— Tij’k €ikm e®e . (3.44)
Laplacian: The Laplacian of a tensor T of order M is a tensor of order M denoted by
V2T and represented by
2T — 4; — e o —
VT =div(gradT)=[T, ®e, ],j e = T, m - (3.45)

Divergence Theorem: Let n be the unit outward normal to a surface dP of a region P,

da be the element of area of dP, dv be the element of volume of P, and T be an arbitrary

tensor of any order. Then the divergence theorem states that

JopTnda=lpaivray . (3.46)
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4. Additional Definitions and Results
In order to better understand this definition of juxtaposition and in order to connect

this definition with the usual rules for matrix multiplication let A, B, C be second order

tensors with components Aij’ Bij’ Cij’ respectively, and define C by
C=AB . 4.1)
Using the representation (3.18) for each of these tensors it follows that
C= Aij ei®ej B, e,®¢, = Aij B (ej e Je®e =A B _e®e , (4.2a)
Cij =Ce ei®ej = A, B, (e®e ) (ei®ej) = A, ij . (4.2b)

Examination of the result (4.2b) indicates that the second index of A is summed with the
first index of B which is consistent with the usual operation of row times column inherent

in the definition of matrix multiplication.
Symmetric: The second order tensor A with the 9=3% components Aij referred to the
base vectors e; is said to be symmetric if
— AT —
A=A", Aij = Aji _ (4.3a,b)
It follows from (3.25) that if A is symmetric and v is an arbitrary vector with components
v, then
Av=vVA, Aij Vi= v Aji . (4.4a,b)
Skew-Symmetric: The second order tensor A with the 9=3% components Aij referred
to the base vectors e is said to be skew-symmetric if
— T —
A=-A", Aij = - Aji _ (4.5a,b)

It also follows from (3.17) that if A is skew-symmetric and v is an arbitrary vector with

components v; then

Av=-VA , Aij Vi=-; Aji . (4.6a,b)
Using these definitions we may observe that an arbitrary second order tensor B , with
components Bij’ may be separated uniquely into its symmetric part denoted by Bsym, with

with components B,

components B(ij)’ and its skew-symmetric part denoted by By ..,

ij]’
such that

L= Bsym + Boew > Bij = B(ij) + B[ij] > (4.7a,b)
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1 1
— = NV _pT = _
Bsym =2 B+B") = Bsym ’ B(ij) =2 (Bij + Bji) = B(ji) > (4.7¢,d)

1 T T 1
Byew=2B-B") =-B » Bjjj =2 By —-By) =-B

skew

i - 47eD

Trace: The trace operation is defined as the dot product of an arbitrary second order

tensor T with the second order identity tensor I. Letting Tij be the components of T we

have

5. 5.

ij “im ~jm

Tel= Tij (e, ® ej) *(e,®e )= Tij (e;° em)(ej e )=T

Deviatoric Tensor: The second order tensor A with the 9=32 components Aij referred
to the base vectors e, is said to be deviatoric if
AeI=0,A,,=0 (4.9a,b)

Spherical and Deviatoric Parts: Using these definitions we may observe that an

arbitrary second order tensor T , with components T.., may be separated uniquely into its

i

spherical part denoted by T I, with components T &.., and its deviatoric part denoted by

i

T', with components Tij’ such that
T=TI+T, Tij =T 81j + Tij , (4.10a,b)
TeI=0,T, 6 =0. (4.10¢,d)

Taking the dot product of (4.10a) with the second order identity I it may be shown that T

is the mean value of the diagonal terms of T

1 1
T=3 Tel=3 T, . (4.11)

For later convenience it is useful to consider properties of the dot product between

strings of second order tensors. To this end, let A, B, C, D be second order tensors, with

components Aij’ Bij’ Cij’ Dij’ respectively. Then it can be shown that
. - . — RTA) o
A (BCD)—AijBimCmnDnj , A« (BCD)=(B"'A)*(CD) , (4.12a,b)
A« (BCD) = (ADT) « (BC), A+ (BCD)=BTAD).C . (4.12¢,d)
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S. Transformation Relations
Consider two right handed orthonormal rectangular Cartesian coordinate systems

with base vectors e; and e;, and define the transformation tensor A by
A=e ®e_ . 5.1

It follows from the definition (5.1) that A is an orthogonal tensor

AAT= (e, ®e ) (e,®e )=(e, *e)) (e Pe ), (5.2a)
=8, (e ®e )= (e ®e )=1I, (5.2b)
ATA = (e, ®e ) (e, ®e)=(e *e)(e e, (5.2¢)
=9 . (e, ®e)= (e, ®e )=1. (5.2d)
It also follows that
e =Ae=(e, ®e )ei=e (e °e)=e_ 8mi , (5.3a)
e=ATe, (5.3b)

1 1

where in obtaining (5.3b) we have multiplied (5.2a) by AT and have used the
orthogonality condition (5.2¢).
These equations can be written in equivalent component form by noting that the

components Aij of A referred to the base vectors e; and the components Aij of A referred
to the base vectors €; are defined by
Ajj= A (e;®e;) = (e, Qe ) * (¢,Qe) = (e, * &) (e, *e)
=8 (e * ej) =e* e, (5.4a)
Ajj= A (ej®e)) = (e, De,)) * (¢;Qe;) = (e, * &) (e, *e))
=(e,*e) Smj =e° e =e'e €. (5.4b)
It is important to emphasize that these results indicate that the first index of Aij (or Aij) 1s
identified with the primed coordinate system e; and the second index is identified with

the unprimed coordinate system e;. This identification is a consequence of the definition

(5.1) and is arbitrary in the sense that one could introduce an alternative definition where
the order of the vectors in (5.1) is reversed. However, once the definition (5.1) is

introduced it is essential to maintain consistency throughout the text. Also, note from
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(5.4a,b) that the components of A referred to either the unprimed or the primed

coordinate systems are equal

A=A . (5.5)

Using the expressions (5.4) and the results (5.5) we may rewrite (5.3) in the forms
e=(A e, Qe)e=A_.e. ., (5.6a)
e=(A,,e®e )e=A_e . (5.6b)

Again, we note that in (5.6) the first index of Aij refers to the primed coordinate system

and the second index refers to the unprimed coordinate system.

One of the most fundamental property of a tensor T is that the tensor is independent
of the particular coordinate system with respect to which we desire to express it.
Specifically, we note that all the tensor properties (3.1)-(3.15) have been defined without
regard to any particular coordinate system. Furthermore, we emphasize that since
physical laws cannot depend on our arbitrary choice of a coordinate system it is essential
to express the mathematical representation of these physical laws using tensors. For this
reason tensors are essential in continuum mechanics.

Although an arbitrary tensor T of order M is independent of the choice of a

coordinate system, the components T of T with respect to the base vectors e; are

ijk...rst
defined by (3.21) and explicitly depend on the choice of the coordinate system that

defines e;. It follows by analogy to (3.21) that the components T of T relative to

!
ijk...rst

the base vectors e;' are defined by

! -
Thik.rst =

Te (ei@ej-@el'(@...@e;@)e;@e{) , 5.7)
so that T admits the alternative representation

T=T . €0c®e,®..RcPe,Re] . (5.8)

ijk...rst
Now, since T admits both of the representations (3.20) and (5.8) it follows that the

and T

ifk...rst must be related to each other. To determine this relation

components Tijk..rst

we merely substitute (5.6) into (3.21) and (5.7) and use (3.20) and (5.8) to obtain
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Tijk...rst =Te (Aliei®Amjer'n®Anker'1®“'®Aure1'1®Avse\'/®Awtev'v)
= AhAmjAnk...AurAVSAWt T * (¢|®e, ®e ®...Qe Qe e )
= AliAmjAnk"'AurAvsAwt 1 (5.9a)
Tijk___rst =Te (Aﬂel®Ajmem®Aknen®...®Arueu®ASVeV®Atwew)
= AilAijkn"'AruAsttw T * (¢®e Qe &..Ke Qe e )
= AilAijkn"'AruAsttw Timn avw - (5.9b)
For example, if v is a vector with components v; and v;' then
V=V,e =V €, (5.10a)
Vi= ALV o Vi= Ay Vi (5.10b,¢)
and if T is a second order tensor with components Tij and Tij then
T= Tij ei®ej = Tij ei@ej'- , (5.11a)
Tii= Ai A Ton > Tij = A Ton'Ay > (5.11b,c)
T} = Ay Ajy T+ Ty = Ajn T Ay - (5.11d.e)
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6. Bodies, Configurations, Motions, Mass, Mass Density

In an abstract sense a body B is a set of material particles which are denoted by Y
(see Fig. 6.1). In mechanics a body is assumed to be smooth and can be put into
correspondence with a domain of Euclidean 3-Space. Bodies are seen only in their
configurations, i.e., the regions of Euclidean 3-Space they occupy at each instant of time t
(— o0 <t < o0). In the following we will refer all position vectors to the origin of a fixed
rectangular Cartesian coordinate system.

Present Configuration: The present configuration of the body is the region of
Euclidean 3-Space occupied by the body at the present time t. Let x be the position
vector which identifies the place occupied by the particle Y at the time t. Since we have
assumed that the body can be mapped smoothly into a domain of Euclidean 3-Space we

may write

x=x(Y,) . (6.1)

In (6.1), Y refers to the particle, t refers to the present time, x refers to the value of the

function x which characterizes the mapping. It is assumed that x is differentiable as
many times as desired both with respect to Y and t. Also, for each t it is assumed that

(6.1) is invertible so that

Y= xlxn=Yx1) . (6.2)

Motion: The mapping (6.1) is called a motion of the body because it specifies how
each particle Y moves through space as time progresses.

Reference Configuration:  Often it is convenient to select one particular
configuration, called a reference configuration, and refer everything concerning the body
and its motion to this configuration. The reference configuration need not necessarily be
an actual configuration occupied by the body and in particular, the reference

configuration need not be the initial configuration.

Let X be the position vector of the particle Y in the reference configuration k. Then

the mapping from Y to the place X in the reference configuration may be written as

X =X(Y) . (6.3)
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In (6.3), X refers to the value of the function X which characterizes the mapping. It is
important to note that the mapping (6.3) does not depend on time because the reference
configuration is a single constant configuration. The mapping (6.3) is assumed to be
invertible and differentiable as many times as desired. Specifically, the inverse mapping

is given by

— A
Y=X'X)=YX) . (6.4)
It follows that the mapping from the reference configuration to the present

configuration can be obtained by substituting (6.4) into (6.1) to deduce that
— A A
x =x(Y(X),t) =x(X,t) . (6.5)

From (6.5) it is obvious that the functional form of the mapping § depends on the
specific choice of the reference configuration. Further in this regard we emphasize that
the choice of the reference configuration is similar to the choice of coordinates in that it is
arbitrary to the extent that a one-to-one correspondence exists between the material
particles Y and their locations X in the reference configuration. Also, the inverse of the

mapping (6.5) may be written in the form

X =X(x,t) . (6.6)

Representations: There are several methods of describing properties of a body. In

the following we specifically consider three possible representations. To this end, let f be
an arbitrary function characterizing a property of the body, and admit the following three

representations

— A ~
f=1(Yy) , f=fXt) , f=1f(x,t) . (6.7a,b,c)
For definiteness, in (6.7) we have distinguished between the value of the function and its

functional form. Whenever, this is necessary we will consistently denote functions that
depend on Y with and overbar (_), functions that depend on X with a hat (A), and
functions that depend on x with a tilde (N). Furthermore, in view of the mappings (6.4)
and (6.6) the functional forms f, /f\, T are related by

fX.0=TYX0 . T = X0 . (6.8a.b)
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The representation (6.7a) is called material because the material point Y is used as an

independent variable. The representation (6.7b) is called referential or Lagrangian

because the position X of a material point in the reference configuration is the

independent variable, and the representation (6.7c) is called spatial or Eulerian because

the current position X in space is used as an independent variable. However, we
emphasize that in view of our smoothness assumption, any two of these representations
may be placed in a one-to-one correspondence with each other.

Here we will use both the coordinate free forms of equations as well as their indicial

counterparts. To this end, let e, be a constant orthonormal basis associated with the
reference configuration and let e; be a constant orthonormal basis associated with the
present configuration. For our purposes it is sufficient to take these basis to coincide so
that

ece, =0, , (6.9)
where 0, , is the usual Kronecker delta symbol. In the following we will refer all tensor

quantities to either of these bases and for clarity we will use upper case letters as indices
of quantities associated with the reference configuration and lower case letters as indices
of quantities associated with the present configuration. For example

X=X e, , X=X € , (6.10)

171

where X, are the rectangular Cartesian components of the position vector X and x; are

the rectangular Cartesian components of the position vector x and the usual summation
convention over repeated indices is used. It follows that the mapping (6.5) may be

written in the form
A
X; =X (XA,t) . (6.11)

Velocity and Acceleration: The velocity v of a material point Y is defined as the rate

of change of position of the material point. Since the function x(Y,t) characterizes the

position of the material point Y at any time t it follows that the velocity is given by

° ° 8;1(Y,t)
V=X ="t ., Vi=X="_gt > (6.12a,b)

1
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where a superposed dot is used to denote partial differentiation with respect to time t
holding the material particle Y fixed. Similarly, the acceleration a of a material point Y
is defined by

. V(YLD . V(YD
a=vVv="g¢ ,=V,=" g . (6.13a,b)

Notice that in view of the mappings (6.4) and (6.6) the velocity and acceleration can be
expressed as functions of either (X,t) or (X,t).

Material Derivative: The material derivative of an arbitrary function f is defined by

o If(Y,0)
f =90 v - (6.14)

It is important to emphasize that the material derivative which is denoted by a superposed
dot is defined to be the rate of change of the function holding the material particle Y
fixed. In this sense the velocity v is the material derivative of the position x and the
acceleration a is the material derivative of the velocity v. Recalling from (6.7) that the

function f can be represented using either the material, Lagrangian, or Eulerian

L]
representations, it follows from the chain rule of differentiation that f admits the

additional representations

. Xt e A . IfX.)
f =50~ t +[ICOXIX =—g¢ . (6.152)
A A

o Of(XH) e A o Of(X.0)

f =50 t +[0fX 00X\ 0 X\ ="dr > (6.15b)
o Af(Xt) e  ~ o (XD~
f==7r > t +[0T(x0/0X]X =g + [0T(x,0/0x] o v , (6.15¢)

ot (x,t)

o Of(X,) o
f ="t

U+ [0T0X, ] Xy = —gr + [OT00x,] v, (6.15d)
where in (6.15a) we have used the fact that the mapping (6.3) from the material point Y

L]
to its location X in the reference configuration is independent of time so that X vanishes.

It is important to emphasize that the physics of the material derivative defined by (6.14)
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remains unchanged even though its specific functional form (6.15) for different

representations may change.

Mass and Mass Density: Each part P of the body is assumed to be endowed with a
positive measure M(P) (i.e. a real number > 0) called the mass of the part P. Letting v be
the volume of the part P in the present configuration at time t, and assuming that the mass

M(P) is an absolutely continuous function there exists a positive measure p(x,t) defined

by

limit M(P)
P =y 50 v - (6.16)

In (6.16) x is the point occupied by the part P of the body at time t in the limit as v
approaches zero. The function p is called the mass density of the body at the point X in

the present configuration at time t. It follows that the mass M(P) of the part P may be

determined by integration of the mass density such that

M(P) =J-P pdv, (6.17)

where dv is the element of volume in the present configuration.

Similarly, we can define the mass density p,(X,t) of the part P, of the body in the

reference configuration such that the mass M(P)) of the part P, is given by

M(P,) = J-Po PodV , (6.18)

where dV is the element of volume in the reference configuration. It should be
emphasized that at this stage in the development the mass of a material part of the body

denoted by P or P, can depend on time.
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Fig. 6.1 Configurations
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7. Deformation Gradient and Deformation Measures

In order to describe the deformation of the body from the reference configuration to
the present configuration let us model the body in its reference configuration as a finite
collection of neighboring tetrahedrons. As the number of tetrahedrons increases we can
approximate a body having an arbitrary shape. If we can determine the deformation of
each of these tetrahedrons from the reference configuration to the present configuration
then we can determine the shape (and volume) of the body in the present configuration by
simply connecting the neighboring tetrahedrons. Since a tetrahedron is characterized by
a triad of three vectors we realize that the deformation of an arbitrary elemental
tetrahedron (infinitesimally small) can be determined if we can determine the
deformation of an arbitrary material line element. This is because the material line
element can be identified with each of the base vectors of the tetrahedron.

Deformation Gradient: For this reason it is sufficient to determine the deformation of

a material line element dX in the reference configuration to the material line element dx

A
in the present configuration. Recalling that the mapping x = x(X,t) defines the position x
in the present configuration of any material point X in the reference configuration, it

follows that

dx = (9%/0X) dX =F dX |, (7.12)
dx; = (%/0X ) dX , =x;,, dX, = F,, dX,, , (7.1b)
F=(@%/0X) , Fiy =x,5 » (7.1c.d)

where F is the deformation gradient with components F, ,. Throughout the text a comma

denotes partial differentiation with respect to X, if the index is a capital letter and with

respect to x; if the index is a lower case letter. Since the mapping )Q(X,t) is invertible we
require

detF#0 , det(x;,) #0 . (7.2a,b)
However, for our purposes we wish to retain the possibility that the reference
configuration could coincide with the present configuration at one time (x=X;F=I) so we
require
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det F>0 , det(x,,) >0 . (7.3a,b)

Right and Left Green Deformation Tensors: The magnitude ds of the material line

element dx in the present configuration may be calculated using (7.1) such that
(ds)?=dxedx=FdX eFdX=dX«FTFdX=dX+CdX , (7.4a)
(ds)? = dx;dx; = F;, dX, Fig dXg =dX, X;,,X;,g dXg=dX, Cpp dXg , (7.4b)
C=F'F , Cag=F\ Fig=xXa X - (7.4c,d)
where C is called the right Green deformation tensor. Similarly, the magnitude dS of the

material line element dX in the reference configuration may be calculated by inverting
(7.1a) to obtain
dX=Fldx , dX, =X, dx, , (7.5a,b)
which yields
(dS)>=dX*dX=FldxeFldx=dx* FTFldx=dx *cdx , (7.6a)
2 _ — — —
—F-Tgp-1 —
c=F"F", Cij = Xas XA’j . (7.6¢,d)
where ¢ is the Cauchy deformation tensor. It is also convenient to define the left Green
deformation tensor B by
— T — —
and note that
c=B"1. (7.8)

Stretch and Extension: The stretch A of a material line element is defined in terms of

the ratio of the lengths ds and dS of the line element in the present and reference

configurations, respectively, such that

A=3S - (7.9)

Also, the extension E of the same material line element is defined by
E=A-1. (7.10)
It follows from these definitions that the stretch is always positive. Also, the stretch is

greater than one and the extension is greater than zero when the material line element is

extended relative to its reference length.
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For convenience let S be the unit vector defining the direction of the line element dX
and let s be the unit vector defining the direction of the associated line element dx. It
follows from (7.4a) and (7.6a) that

dX=8dS , dX,=S,dS, S*S=S5,5,=1, (7.11a,b,c)
dx=sds , dx;=s;ds , ses=s;8,=1. (7.11d,e.f)
Thus using (7.1),(7.6),(7.9) and (7.11) it follows that

As=FS , As;=x, 5, , (7.12a,b)
A2=SeCS , AM=8, CrpSp (7.12c,d)
1 1
22 S=S°CSs 57 =8 - (7.12¢,1)

Since the stretch is positive it also follows from (7.12c,d) that the C is a positive definite
tensor. Similarly, it can be shown that B in (7.7a) is also a positive definite tensor.
Notice from (7.12c¢) that the stretch of a line element depends not only on the value of C
at the material point X and the time t, but it depends on the orientation S of the line
element in the reference configuration.

A Pure Measure of Dilatation (Volume Change): In order to discuss the relative

volume change of a material element it is convenient to first prove that for any

nonsingular second order tensor F and any two vectors a and b that
Fa x Fb =det (F) F-T(axb) . (7.13)
To prove this it is first noted that the quantity F-T(a x b) is a vector that is orthogonal to
plane formed by the vectors Fa and Fb since
FTaxb)sFa=(axb)s(F)Fa=(axb)sF'Fa=(axb)ea=0,
FTaxb)sFb=(axb)*F 'Fb=(axb)eb=0. (7.14)
This means that the quantity (Fa X Fb) must be a vector that is parallel to FT(axb) so
that
FaxFb=aF Taxb) . (7.15)
Next, the value of the scalar o is determined by noting that both sides of equation (7.15)

must be linear functions of a and b. This means that o is independent of the vectors a

and b. Moreover, letting ¢ be an arbitrary vector it follows that
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FaxFbeFc=aF T@axb)*Fc=a(axb)ec . (7.16)
The proof is finished by considering the rectangular Cartesian base vectors e; and taking
a=e|, b=e,, c=e; to deduce that
o =Fe, xFe, * Fe; =det (F) . (7.17)
This expression can be recognized as the determinant of the tensor F since it represents
the scalar triple product of the columns of F when it is expressed in rectangular Cartesian
components.
Now, it will be shown that the determinant J of the deformation gradient F
J=detF , (7.18)
is a pure measure of dilatation. To this end, consider an elemental material volume
defined by the line elements dX!, dX2, dX3 in the reference configuration and defined by
the associated line elements dxl, dxz, dx3 in the present configuration. Thus, the
elemental volumes dV in the reference configuration and dv in the present configuration
are given by
dV =dX!xdX?+dX? , dv =dx!xdx?edx’ . (7.19a,b)
Since (7.1a) defines the mapping of each line element from the reference configuration to
the present configuration it follows that
dv = FdX! x FdX? « FdX3 =J F1(dX! x dX?) » FdX3,
=J (dX!x dX?) s FIFdX3 =7 dX! x dX?« dX?, (7.20a)
dv=JdV . (7.20b)

This means that J is a pure measure of dilatation. It also follows from (7.4c) and (7.19)

that the scalar I; defined by
I;=detC=1J?, (7.21)

is another pure measure of dilatation.

Pure Measures of Distortion (Shape Change): In general, the deformation gradient F

characterizes the dilatation (volume change) and distortion (shape change) of a material
element. Therefore, whenever F is a unimodular tensor (its determinant J equals unity) F

is a pure measure of distortion. Using this idea which originated with Flory (1961) we

separate F into its dilatational part J'/3T and its distortional part F' such that
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F=(0DF=JBF , F=J13F, detF=1. (7.22a,b,c)
Note that since F' is unimodular (7.22c) it is a pure measure of distortion. Also note that
the use of a prime here should not be confused with the earlier use of a prime to denote

the deviatoric part of a tensor (4.10). In this regard we emphasize that in general F' is not
a deviatoric tensor. Similarly, we may separate C into its dilatational part I%/ 3T and its
distortional part C' such that

c=@}*npc=13c,c=R"C, detC=1. (7.23a,b,c)

Strain Measures: Using (7.4) and (7.6) it follows that the change in length of a line

element can be expressed in the following forms

(ds)? - (dS)?=dX * (C-1) dX =dX * (2E) dX , (7.24a)
(ds)? = (dS)? =dX, (Cop —8,p) dXp =dX,(2E,p) dXj | (7.24b)
(ds)? - (dS)? =dx * (I-¢) dx =dx * (2¢) dx , (7.24¢)

(ds)? — (dS)* = dx; (§;; - ¢;) dx; = dx;(2e;) dx; (7.24d)

where E is the Lagrangian strain and e is the Almansi strain defined by
2E=C-1,2e=I-c. (7.25a,b)

Furthermore, in view of the separation (7.23) it is sometimes convenient to define a scalar

measure of dilatational strain E and a tensorial measure of distortional strain E' by

2E=L-1,2E=C-1. (7.26a,b)

Eigenvalues of C and B: In appendix A we briefly review the notions of eigenvalues,

eigenvectors and the principal invariants of a tensor. Using the definitions (7.4c),(7.7a),
and (A3) we first show that the principal invariants of C and B are equal. To this end, we

use the properties of the dot product given by (4.12) to deduce that

CeI=FIFeI=F¢F=FFleI=BeI , (7.27a)
CeC=FFeFTF=F«FFF=FFT«FFT=B+B , (7.27b)
det C = det FTF = det FT det F = (det F)2 = det FFT = det B . (7.27¢)

If follows from (A3) that the principal invariants of C and B are equal
[LO)=[,B) , [L,(C)=1,(B) , I3(C)=15B) . (7.28a,b,c)

Furthermore, using (7.12c) we may deduce that the eigenvalues of C are also the squares

of the principal values of stretch A, which are determined by the characteristic equation
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det (C A1) =— A0+ A*1(C) - A2 I,(C) + I;(C) =det B-2?D) =0 . (7.29)

Displacement Vector: The displacement vector u is the vector that connects the

position X of a material point in the reference configuration to its position X in the present
configuration so that

u=x-X, x=X+u, X=x-u, (7.30a,b,c)

u=u,e, =ue . (7.30d)

It follows from the definition (7.1c) of the deformation gradient F that

F=0x/0X=0X+uw/oX=1+ aﬁ /10X, (7.31a)
F! =0X/0x = d(x —u)/ox =1 — du/ox . (7.31b)

C = FIF = (I + 90/0X)T (I + 0u/9X)

A A A A
=1+ 0u/oX + (8u/8X)T + (au/GX)T(au/GX) , (7.31¢)
A A A A
Cap =8AB +Uu g T Ugsa +Uppa UnpR (7.31d)

c=B' =FTF! = (I - gu/ox)T (I - gu/ox)

=1 - ow/dx — (Awax)T + (dw/ox)T(ou/dx) , (7.31e)

~ ~

Then, with the help of the definitions (7.25) the strains E and e may be expressed in

terms of the displacement u by

| N A T A T, A

E=> [au/ax + (0u/0X)" + (du/0X) (au/aX)] , (7.32a)
1 & A A A

E g =72 (uy.g+Ug,p +Uypa Uppp) o (7.32b)

e = [sa/ox + (@u/ax)T - (w/ox)T (00
=75 | du/0xX + (du/dx)" — (du/0x) " (du/ox)| , (7.32¢)

l ~ ~ ~ ~

€i=12 ( Upsj + Ujp — Upyog um,j) ) (7.32d)
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Since these expressions have been obtained without any approximation they are exact and
are sometimes referred to as finite strain measures. Notice the different signs in front of
the quadratic terms in displacement appearing in the expressions (7.32a) and (7.32c).

Area Element: The element of area dA formed by the elemental parallelogram
associated with the material line elements dX! and dX? in the reference configuration,

and the element of area da formed by the corresponding line elements dx! and dx? in the

present configuration are given by
NdA =dX!xdX? , nda=dx! xdx? , (7.33a,b)
where N and n are the unit vectors normal to the material surfaces defined by dX!, dX?
and dx!, dx2, respectively. It follows from (7.1a) and (7.13) that
nda=FdX! x FdX?=JFT(dX! xdX?) =JFINdA . (7.34)
It is important to emphasize that the line element that was normal to the material surface

in the reference configuration does not necessarily remain normal to the material surface.
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8. Polar Decomposition Theorem
The polar decomposition theorem states that any invertible second order tensor F can

be uniquely decomposed into the polar forms

F=RM=NR , F,, =RyMyp =N, R4 > (8.1a,b)
where R is an orthogonal tensor
RTR=1, R ,R p=8,5 . (8.2a,b)
RR' =1, RyRj\ =8 (8.2¢,d)
and M and N are symmetric positive definite tensors so that for an arbitrary vector v we
have
MT=M , Mg, =M,;g . (8.3a,b)
veMv >0 , vyM,gvg>0 forv#0, (8.3c,d)
N'=N, N;=N; . (8.3e.f)
veNv >0 , v.N.v.>0 forvz0 . (8.3g,h)

i)
To prove this theorem we first consider the following Lemma.

Lemma: If S is an invertible second order tensor then STS and SST are positive definite

tensors.

Proof: (i) Let

w=Sv, w,= SijVj . (8.4a,b)

Since S is invertible it follows that
w=0 ifandonlyif v=0 , w#0ifandonlyif v 0 . (8.5a,b)
Consider

wew=SveSv=veSISy , w w, =S vS vi=vS, IS v, . (8.6ab)

Since w * w > 0 whenever v # 0 it follows that STS is positive definite.

(i1) Alternatively, let

T

w=STv, w=Sv.=S;v; . (8.7a,b)

1 1] ]

Similarly, consider

wew=S8lveSlv=vesSSly , w w =8, viS, vi=vS;,S..Tvi . (88ab)

Since w * w >0 whenever v # 0 it follows that SST is positive definite.
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To prove the polar decomposition theorem we first prove existence of the forms

F=RM and F=NR and then prove uniqueness of the quantities R,M,N.

Existence: (i) Since F is invertible the tensor FTF is symmetric and positive definite so

there exists a symmetric positive definite square root M
M=FTF"2  M2=FTF , M,,Myg =F AFp - (8.9a,b,c)
Then let R, be defined by
R, =FM! | F=RM . (8.10a,b)
To prove that R, is an orthogonal tensor consider
R R, T=FM'FM )T =FM "M TFT = F(M?)"'FT
=FEF)'FT =FF'FHFT=1, (8.11a)
R,'R, =MTFTFM-' =M"'M’M! =1 . (8.11b)
(ii) Similarly, since F is invertible the tensor FFT is symmetric and positive definite so

there exists a symmetric positive definite square root N

N=(FFD'2 , N°=FF" , N, N . =F\Fjy - (8.12a,b,0)
Then let R, be defined by
R,=N"'F , F=NR, . (8.13a,b)
To prove that R, is an orthogonal tensor consider
R,R,T=NTFN'F)T =NFFINT=N"IN?N-1 =T , (8.14a)

R,"R, = FIN"IN-'F = FIN2F = FI(FFT)"'F
= FIF-TF-1F=1. (8.14b)
Uniqueness: (i) Assume that R; and M are not unique so that
F=RM=RM" . (8.15)
Then consider
FIF=M?= RM)TRIM" =M TRITRM" =M" . (8.16)

However, since M and M" are both symmetric and positive definite we deduce that M is

unique

*

M=M (8.17)
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Using (8.17) in (8.15) we have
RM=RM , (8.18)
so that by multiplication of (8.18) on the left by M~! we may deduce that R, is unique
R, =R . (8.19)
(i1) Similarly, assume that R, and N are not unique so that
F=NR,=N'R;. (8.20)
Then consider
FFT=N2=N"R; (N'R)T=NRJR}IN‘T=N"2 | (8.21)

However, since N and N* are both symmetric and positive definite we deduce that N is

unique

N=N" (8.22)
Using (8.22) in (8.20) we have

NR, =NR; , (8.23)
so that by multiplication of (8.23) on the right by N~! we may deduce that R, is unique
R,=R] . (8.24)
Finally, we must prove that R;=R,=R. To this end let
A=RMR! =FRT . (8.25)
Clearly, A is symmetric so that
A% = AAT=FR] (FRDT = FRIR FT =FFT=N2 . (8.26)
Since A and N are symmetric it follows with the help of (8.25) and (8.10b) that
N=A=FR] =NR,R}. (8.27)
Now, multiplying (8.27) on the left by N~! and on the right by R, we deduce that
R,=R,=R, (8.28)

which completes the proof.
To explain the physical interpretation of the polar decomposition theorem recall from

(7.1a) that a line element dX in the reference configuration is transformed by F into the
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line element dx in the present configuration and define the elemental vectors dX' and dx'

such that
dx=RMdX = dX'=MdX ,dx=RdX', (8.29a,b,¢)
dxi =R\M,p dXB =4 dXA' =M, dXB , dxi =R, dXA' , (8.29d,e.f)
and
dx=NRdX = dx'=RdX , dx=Ndx', (8.30a,b,c)
dxi = NinjB dXB =4 dxj' = RjB dXB , dxi = Nij dxj' . (8.30d,e,1)

In general a line element experiences both stretching and rotation as it deforms from dX
to dx. However, the polar decomposition theorem separates the deformation into
stretching and pure rotation. To see this use (7.4a) together with (8.29) and consider

ds? =dxedx =R dX'*R dX'=dX'e RTR dX'=dX'« dX' . (8.31)
It follows that the magnitude of dX' is the same as that of dx so that all the stretching
occurs during the transformation from dX to dX' and that the transformation from dX' to
dx is a pure rotation. Similarly, with the help of (7.6a) and (8.30) we have

dx'edx'=RdX+*RdX =dX *RTR dX=dX +dX =dS? . (8.32)
It follows that the magnitude of dx' is the same as that of dX so that all the stretching
occurs during the transformation from dx' to dx and that the transformation from dX to
dx' is a pure rotation.

Although the transformations from dX to dX' and from dx' to dx contain all the
stretching they also tend to rotate a general line element. However, if we consider the
special line element dX which is parallel to any of the three principal directions of M
then the transformation from dX to dX' is a pure stretch without rotation (see Fig. 8.1a )
because

dX'=MdX=AdX , (8.33)

where A is the stretch defined by (7.9). It then follows that for this line element
dx=FdX=RMdX=RAdX =Adx', (8.34a)
dx=FdX=NRdX=Ndx'=Adx', (8.34b)
so that dx' is also parallel to a principal direction of N, which means that the

transformation from dx' to dx is a pure stretch without rotation (see Fig. 8.1b). This also
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means that the rotation tensor R describes the complete rotation of line elements which
are either parallel to principal directions of M in the reference configuration or parallel to

principal directions of N in the present configuration.

Fig. 8.1a: Pure stretching followed by pure rotation; F=RM; dX'=M dX; dx=R dX".

Fig. 8.1b: Pure rotation followed by pure stretching; F=NR; dx'=RdX; dx=Ndx'.
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9. Velocity Gradient and Rate of Deformation Tensors
The gradient of the velocity v with respect to the present position x is denoted by L

and is defined by
av.

1

L =0v/ox , Lij =9x. =V (9.1a,b)
J

j°
The symmetric part of L is called the rate of deformation tensor and is denoted by D,

while the skew symmetric part of L is called the spin tensor and is denoted by W. Thus

L=D+W , v;;=D;+W,; . (9.2a,b)

1 T T 1
D=7 (@L+L") =D" , Dj=7 (v + V) =Dj; , (9.2¢,d)

1 T T 1
W= 2 (L -L ) =-W", Wl] =2 (Vi’j - Vj’i) =— W]l . (926,f)

Using the chain rule of differentiation, the continuity of the derivatives, and the

definition of the material derivative it follows that

e J, A oA A A
F =70(0x/0X) = 0%/9tdX = 9(ax/9t)/9X = av/0X

= (3V/9x) (9%/0X) = LF , (9.3a)
2/\ A
e i A d X 0 % A ~ A
X;a) =9t Xpa) =JX, =X, \ 9t ) =Via = Vim Xma - (9.3b)

Now let us consider the material derivative of C

C =FIF =FTF + FTF = (LF)TF + FI(LF) =FI(LT+ L)F =2FTDF,  (9.4a)
Cap=(Xia) X g+ X A Xip) =VimXm aAXiB+ X AVimXmB

=XmA Vim ¥ Vi XiB =2 XA Pim XiB =2 XpaPmiXioB - (9.4b)
Furthermore, since the spin tensor W is skew symmetric there exits a unique vector

called the axial vector of W such that for any vector a
Wa=wxa , Wij a; =&y, Oy a; (9.5a,b)
Since (9.5b) must be true for any vector a and W and ® are independent of a it follows

that
Wii = & O = Ejjp Oy =— € O 9.6)
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Multiplying (9.6) by &im and using the identity
€ikEiim = 2 Ok -

we may solve for ®_ in terms of Wij to obtain

Substituting (9.2f) into (9.8) we have

p—

1 1
O ==2 &jm Vij =2 &im Vi = 2 Emji Vij >

1 1
W=7 curlv=s Vxv,

where the symbol V denotes the gradient operator

V¢=¢’i e .
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10. Deformation: Interpretations and Examples

In order to interpret the various deformation measures we recall from (7.11) and

(7.12) that

ds
As=FS , As;=x;,,S, » A=g5 . (10.1a,b,c)
dx dX
S=qs -s*s=1,8S=345 , SS=1, (10.1d,e.f)

where S is the unit vector in the direction of the material line element dX of length dS, s
is the unit vector in the direction of the material line element dx of length ds, and A is the

stretch. Now from (7.12c¢) and the definition (7.25a) of Lagrangian strain E we may

write
A>=SeCS=1+2S*ES=1+2S,E,5S; . (10.2)
Also, the extension E defined by (7.10) becomes

ds —ds
E=—gs ~ =A-1=AT+2S.E\3S; -1. (10.3)

For the purpose of interpreting the diagonal components of the strain tensor let us

calculate the extensions E|,E,,E; of the line elements which were parallel to the
coordinate axes with base vectors e, in the reference configuration. Thus, from (10.3)

we have

E=E, =[1+2E,, -1 forS=e, , (10.4a)
E=E,=+/1+2E,, -1 forS=e,, (10.4b)
E=E;=+/1+2E;; -1 forS=e; . (10.4c)

This clearly shows that the diagonal components of the strain tensor are measures of the
extensions of line elements which were parallel to the coordinate directions in the
reference configuration.

To interpret the off-diagonal components of the strain tensor E,p as measures of

shear we consider two material line elements dX and dX which are deformed into dx and
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dx, respectively. Letting S, dS and s, ds be the directions and lengths of the line

elements dX and dx, respectively, we have from (10.1a)

_ _ _ ds
As=FS , A =_i . (10.5a,b)
ds

Notice that there is no over bar on F in (10.5) because (10.1a) is valid for any line

element, including the particular line element dX. It follows that the angle © between the
undeformed line elements dX, dX and the angle 0 between the deformed line elements

dx, dx may be calculated by (see Fig. 10.1)

dX dX _ dx dx _
cosO=35 *— =S8, cos0="35 * - =s°s (10.6a,b)
dS ds
Then with the help of (10.1a), (10.52a) and (7.25a) we deduce that
SeCS 2S<ES+S-S
cos 0 = = . (10.7)

AL AL
Furthermore, using (10.2) and (10.6a) we have
2 SAEABgB +cos ©

cos 0 = = — . (10.8)
\/1 + 2SEyinSn \/ 1 +2SpERsSg

Defining the change in the angle between the two line elements by y (10.8) becomes

0=0-vy , (10.9a)

2 SAEABgB + cos ©

cos® cosy + sin® siny = = — . (10.9b)
\/1 + 2SEpinSn \/ 1 +2SpERsSq

Notice that in general the change in angle y depends on the original angle ® and on all

of the components of strain.
As a specific example consider two line elements which in the reference

configuration are orthogonal and aligned along the coordinate axes so that
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T
S=e, ,S=e,, 0=7 . (10.10a,b,c)

Then, (10.9b) reduces to

SMV= JT+2E \[T+2E,

(10.11)

Thus, the shear depends on the normal components of strain as well as on the off-

diagonal components of strain . However, if the strain is small (i.e. E,p << 1) then
(10.11) may be approximated by
y=2E, , (10.12)

which shows that the off-diagonal terms are related to shear deformations.

2
A
S s
0=0-vy
[} 1
S
L |
S

Fig. 10.1 Shear Angle: Points I, II in the reference configuration move

to points 1, 2 in the present configuration.

To provide a physical interpretation of the rate of deformation it is convenient to use

(9.2a) and (9.3a) and take the material derivative of (10.1a) to deduce that

As+As=FS=LFS=ALs=A(D+W)s . (10.13)
In (10.13) we have used the fact that S is a material direction so its material derivative
vanishes. Since s is a unit vector it can only rotate so that its rate of change is

perpendicular to itself

Ses=]=>ses+ses=25es=0 =>ses=0 . (10.14a,b.c)
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Thus, taking the dot product of (10.13) with s we have

A=AMD+W)e(s®) =ADe*(s®s)=Ase*Ds , (10.15)
where we have used the fact that the inner product of the skew-symmetric tensor W with
the symmetric tensor n®n vanishes. It follows that the rate of deformation tensor D is

directly related to the rate of change of stretch.

Substituting (10.15) into (10.13) we obtain

s=Ws+[D—{s*Ds}]s , (10.16)
which shows that in general the rate of rotation of s is dependent on both the tensors D

and W. However, if s is parallel to a principal direction of D then

Ds={ssDs}s , s=Ws . (10.17a,b)
This shows that the spin tensor W controls the rate of rotation of the line element dx
which in the present configuration is parallel to a principal direction of D. Furthermore,
using (9.5a) we see that the axial vector @ determines the rate of rotation of s for this

case

S=W®XS . (10.18)

Example: Extension and Contraction (Fig. 10.2)

By way of example let X, be the Cartesian components of X and x; be the Cartesian
components of x and let the Cartesian base vectors €, and e; coincide (e; = 81 A€y) and

consider the motion defined by

X =eX, , x,= e bt X, , X3 =X5 , (10.19a,b,c)
where a,b are positive numbers. The inverse mapping is given by

X, =ex,, X,= ebt Xy » X3=X3 . (10.20a,b,c)

It follows that

et 0 0 e2at o 0 e2at_q 0 0
F=| 0 ePo|,C=| 0 20 |, 2E=| 0 e2b_1 0|  (10.21ab,)

0 0 1 0O 0 1 o 0 O
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In order to better understand the deformation we calculate the stretch A and the extension

E of line elements which were parallel to the coordinate directions in the reference

configuration
For S=e; , A=e*=1 E=e"-120, (extension) , (10.22a)
For S=e, , A=e®=<1 E=e®-1<0, (contraction), (10.22b)
For S=e;, A=1, E=0, (no deformation). (10.22c¢)

Next we consider the rate of deformation and deduce that

vVi=ax; , Vv, =-bx, , v3=0, (10.23a,b,c)
a 0 o0
L=D=|{0-b0 | wW=0,w=0. (10.23d,e,f)
000

The principal directions of D are e,e,,e; so since W=0 we realize that the line elements

that are parallel to these principal directions in the present configuration experience pure

stretching without rotation

A .

For s=e| , X =a>0 ,s=0, (rate of extension) , (10.24a)
A . )

For s=e, , X =-b<0,s=0, (rate of contraction), (10.24b)
A . )

For s=e; , X =0, s=0, (nodeformation) . (10.24¢)

We emphasize that although W vanishes this does not mean that no line elements rotate

during this motion.
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Fig. 10.2 Extension and Contraction: Points LILIILIV in the reference

configuration move to points 1,2,3,4 in the present configuration.

Example: Simple Shear (Fig. 10.3)

In order to clarify the meaning of the spin tensor W consider the simple shearing

deformation which is defined by
X=X, +KO X, , X=X, , x3=X5, (10.25a,b,¢c)
where K is a monotonically increasing nonnegative function of time
k=0, x>0. (10.26a,b)
The inverse mapping is given by
X =x-KXy , X,=%, , X3=X3, (10.27a,b,c)

and it follows that

1 k0 1 ¥ O 0 k¥ 0
F={010|,C=|x1+c2 0|, 2E=|x x¥2 0 |. (10.28ab,c)

001 0O 0 1 0020
In order to better understand the deformation we calculate the stretch A and the extension

E of line elements which were parallel to the coordinate directions in the reference

configuration
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For S=e, , A=1, E=0, (nodeformation) , (10.29a)

For S=e, , A=\1+k2 , E=\/1+k2 =120, (extension), (10.29b)
For S=e;, A=1, E= 0, (nodeformation). (10.29¢)

Notice that the result (10.29b) could be obtained by direct calculation using elementary

geometry. Next we consider the rate of deformation and deduce that

V=K Xy, vy =0, v3=0 (10.30a,b.c)
0 ]; 0 1 0xoO
L={000|.D=3| 200 | (10.30d,¢)
000 000
o xo .
W=3| 200 | o=-3xe, (10.30f,)
000

1
Thus, the principal directions of D are ﬁ (e;te,), \/_E (—€; +e,), 3 so with the help of

(10.15) and (10.18) we may deduce that

1 A 1o
For s= \/_E(e1+ ), x =35K >0 , (rate of extension) , (10.31a)
1 Ao 1o :
For s= \/_E (—e +ey), x =-5K <0, (rate of contraction) , (10.31b)
A .
For s=e; , X =0, (no deformation) . (10.31c¢)

It follows from (10.30g) that the material line elements in (10.31) are rotating in the

1o
clockwise direction about the e; axis with angular speed 7 K. Finally we note that the

motion is isochoric (no change in volume) since

J=detF=1,DeI=0. (10.32a,b)
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Fig. 10.3 Simple Shear: Points LILIILIV in the reference configuration move

to points 1,2,3,4 in the present configuration.
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11. Superposed Rigid Body Motions

In this section we consider a group of motions associated with configurations P*

which differ from an arbitrary prescribed motion such as (6.5)

x=x(X1) | (11.1)
by only superposed rigid body motions of the entire body, i.e., motions which in addition
to the prescribed motion include purely rigid motions of the body.

To this end, consider a material point X of the body, which in the present
configuration P at time t occupies the location x as specified by (11.1). Suppose that

under a superposed rigid body motion the material point which is at x at time t in the
configuration P moves to the location x* at time t*

tt=t+a, (11.2)
in the configuration P*, where a is a constant. Throughout the text we denote quantities
associated with the configuration P* using the same symbol as associated with the

configuration P but with a superposed (+). Thus, we introduce the vector function x* and

write

A

x* = x*(X.tH) = xH(X.D) | (11.3)

A
where we have used (11.2) and have distinguished between the two functions x* and x*

A
in (11.3) to indicate the absence of the constant a in the argument of x™.
Similarly, consider another material point Y of the body, which in the present

configuration P at time t occupies the location y as specified by
A
y=x(Y,t) . (11.4)
A
It is important to emphasize that the function x in (11.4) is the same function as that in
(11.1). Furthermore, suppose that under the same superposed rigid body motion the
material point which is at y at time t in the configuration P moves to the location y* at

time t+. Then, with the help of (11.3) we may write

A

y* = xH(Y.H) = XYL (11.5)

Recalling the inverse relationships
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X=X"'(xt), Y=X"1(y,0) , (11.6a,b)
the function §+ on the right hand sides of (11.3) and (11.5) may be expressed as different
functions of x,t and y,t, respectively, such that

x* = xFXL(x.0.0) = X (x.0) | (11.7a)

AN, ~ ~
yr=x"Xy.0.0 =x* . (11.7b)
Since the superposed motion of the body is restricted to be rigid, the magnitude of the

relative displacement y*—x* must remain equal to the magnitude of the relative

displacement y—x for all pairs of material points X,Y, and for all time. Hence,
[X*(y,0 - X 0T+ [ X0 - X DI = (=% * (y-%) (11.82)

[ X7(y.0 = X x0] [x7(y.0 = X (X0 = (VX)) O—Xp) (11.8b)
for all x,y in the region occupied by the body at time t.
Since x,y are independent, we may differentiate (11.8) consecutively with respect to x

and y to obtain

2 [axtx0)/Ox 1T [ Xy, — Xt XD =—-2 (Y -X) , (11.9a)
[ ax+(x,)/0x 1T [ ax*(y,0)/dy 1 =1 , (11.9b)

—2 [OXED/; T XD - X HED] == 2 (7, - X;) (11.9¢)
[OxH(x0/0%; 119X (y.0/0y; 1= 8 . (11.9d)

It follows from (11.9b) that the determinant of the tensor 8;+(X,t)/ax does not vanish so

that this tensor is invertible and (11.9b) may be rewritten in the alternative form

[axt(x,0/0x 1T =[ ox*(y,)/dy I7! , (11.10)
for all x,y in the region and all t. Thus, each side of the equation must be a tensor

function of time only, say QT(t), so that

8;+(X,t)/ax =Q) , (11.11)

for all x in the region and all time t. Since (11.11) is independent of x we also have
Ix*(y.0/y = QM) (11.12)
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so that (11.9b) yields
QT QM) =1, detQ==+1, (11.13a,b)
which shows that Q is an orthogonal tensor.
Since (11.7a) represents a superposed rigid body motion it must include the trivial

motion

xx)=x, Q=1, detQ=+1 . (11.14a,b,c)
Furthermore, since the motions are assumed to be continuous and det Q cannot vanish,
we must always have
detQ=+1, (11.15)
so that Q(t) is a proper orthogonal function of time only
QT QH=Q) QT(H) =TI, detQ=+1 . (11.15a,b)

Integrating (11.11) we obtain the general solution in the form

xt = xH(x,t) = e(t) + Q) X (11.16)
where ¢(t) is an arbitrary function of time only. In (11.16) the function ¢(t) represents an
arbitrary translation of the body and the function Q(t) represents an arbitrary rotation of
the body.

By definition the superposed part of the motion defined by (11.16) is a rigid body
motion. This means that the lengths of line elements are preserved and the angles

between two line elements are also preserved so that
Ix* -yt P=(x -y e (3 -y) = Qx -y) Qx-y) = (x-y) * QTQ(x - )
=x-ylx-y=x-y*x-y=Ix-y, (11.17a)

xt-yH -z Qx-y) QEx-2)

+
cos 0" = . = .
Ixt—ytl ~ Ixt -zt Ix-yl Ix-zl

x-y  QQx-z (x-y  &-2
=Tx—yl * TIx-zI =Tx—yl *Tx—zl =cos® (11.17b)

where x,y,z are arbitrary points in the body which move to x*,y*,z* under superposed

rigid body motion (SRBM). Furthermore, this means that areas, and volumes are
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preserved under SRBM. To show this we use (11.16) with X=§(X,t) to calculate the
deformation gradient F* from the reference configuration to the superposed configuration

F* = 0x*/0X = Q(9x/0X) = QF , (11.18)
so that from (7.20b), (7.34) and (11.18) we have

V+

J¥=3v =detF* =det (QF) = (det Q)(det F) =T , (11.19a)
nt dat = dx!t xdx?* = J*(F*)" INdA=JQF TINdA=Qnda, (11.19b)
(da*)? =n*da*en*da*=Qnda*Qnda=n°*QTQn (da)?=(da)? , (11.19¢c)
nt=Qn . (11.19d)
For later convenience it is desirable to calculate expressions for the velocity and rate

of deformation tensors associated with the superposed configuration. To this end, we

take the material derivative of (11.13a) to deduce that

QTQ+QTQ =0 = Q=0Q,QT=-Q , (11.20a,b.c)
where Q is a skew-symmetric tensor function of time only. Letting ® be the axial vector
of Q we recall that for an arbitrary vector a

Qa=wxa . (11.21)

Thus, by taking the material derivative of (11.16) we may calculate the velocity v* of the

material point in the superposed configuration

Viext=ec +Q x+Qx =¢ +QQx+QvV , (11.222)
Ve +Q (xP—0)+Qv=c +OX X -0+ Qv . (11.22b)

It follows that the velocity gradient L* and rate of deformation tensors D* and W*

associated with the superposed configuration are given by
L* = av*/oxt = Q(av/ox)(dx/0x") + Q =QLQT +Q , (11.23a)
D*=QDQT , Wr=QWQT +Q , (11.23b,c)
where we have used the condition (11.20¢) and have differentiated (11.16) to obtain

axtox=Q , ax/axt =QT . (11.24a,b)
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Up to this point we have been discussing superposed rigid body motions that are in

A
addition to the general motion x(X,t) of a deformable body. However, the kinematics of
rigid body motions may be obtained as a special case by identifying x with its value X in
the fixed reference configuration so that distortion and dilatation of the body are

eliminated and (11.22b) yields

x=X = x*=c+0ox(x"-c). (11.25)
In this form it is easy to recognize that ¢(t) represents the translation of a point moving

with the rigid body and ® is the angular velocity of the rigid body.

58



12. Material Line, Material Surface and Material Volume

Recall that a material point Y is mapped into its location X in the reference
configuration. Since this mapping is independent of time, lines, surfaces, and volumes
which remain constant in the reference configuration always contain the same material
points and therefore are called material.

Material Line: A material line is a fixed curve in the reference configuration that may
be parameterized by its archlength S which is independent of time. It follows that the
Lagrangian representation of a material line becomes

X=X() . (12.1)
Alternatively, using the mapping (6.5) we may determine the Eulerian representation of

the same material line in the form

X =X(S,t) =§(X(S),t) . (12.2)

Material Surface: A material surface is a fixed surface in the reference configuration

that may be parameterized by two coordinates S; and S, that are independent of time. It

follows that the Lagrangian representation of a material surface becomes
A
X =X(5,,S,) or FX) =0 . (12.3a,b)

Alternatively, using the mapping (6.5) and its inverse (6.6) we may determine the

Eulerian representation of the same material surface in the form

X =X(S.8,,0) =X(X(S.S,)0) or Fxt) =FX(xt) =0.  (12.4ab)

Lagrange's criterion for a material surface: The surface defined by the constraint f(x,t)=0

is material if and only if

of
T =3¢ +dT/oxev=0 . (12.5)
Proof: In general we can use the mapping (6.5) to deduce that

A A
fX,t) = TxX0),t) . (12.6)
It follows from (12.5) and (12.6) that

—~>

/.\ L]
fX,n=3; =T=0, (12.7)
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A A
so that f is independent of time and the surface £=0 is fixed in the reference configuration

A A
and thus f =T=0 characterizes a material surface. Alternatively, if f is independent of

A
time then f=0 and T=0.

Material Region: A material region is a region of space bounded by a closed material

surface. For example if dP, is a closed material surface in the reference configuration
then the region of space P enclosed by dP, is a material region that contains the same

material points for all time. Alternatively, using the mapping (6.5) each point of the

material surface dP, maps into a point on the closed material surface dP in the present

configuration so the region P enclosed by 0P is the associated material region in the

present configuration.
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13. The Transport Theorem

In this section we develop the transport theorem that allows us to calculate the time
derivative of the integral over a material region P in the present configuration whose
closed boundary 0P is changing with time. By way of introduction let us consider the

simpler one-dimensional case and recall that

B(t) B(t) . .
%J f(x,t) dx =J "’ff;i’t) dx + f(B(1),0) B - flat),H) o (13.1)

olt) olt)

where f(x,t) is an arbitrary function of position x and time t, and out),p(t) define the
changing boundaries of integration. What is important to notice is that the rate of change

of the boundaries enter in the calculation in (13.1).

To develop the generalization of (13.1) to three dimensions it is most convenient to

consider an arbitrary scalar or tensor valued function ¢ which admits the representations

~ A
¢ =0(x.) =oX,t) . (13.2)
By mapping the material region P from the present configuration back to the reference

configuration P, we may easily calculate the derivative of the integral of ¢ over the

changing region P as follows

df af g
dt Pd)(x,t) dv =7t Pod)(X,t)JdV , (13.3a)
J' 0 A
=Jp A0 J}‘ v | (13.3b)
0 X
=J {6X,07} dv | (13.3¢)
Py
) fer+birav (13.3d)
Py
_ {6+ divv}Tav , (13.3¢)
Py

so that in summary we have

61



d( - .
ajp d(x,b) dV=J-P {6+Q divv }dv , (13.4)

L]
where ¢ 1s the usual material derivative of ¢

A ~
o (X 9
o = ¢5t D _ q)gf’t) +00(X,0)/0X eV . (13.5)

Now, substituting (13.5) into (13.4) and using the divergence theorem we have

a~
%Jp d(x,0) dv = Jp{ TR 4 afxox e v div v} dv (13.62)
a~
= J-P d)((;t(,t) dv + J-P div{¢ v} dv , (13.6b)
a~
=J-P d)((;t(,t) dv+J-aP$V°nda , (13.6¢)

where n is the unit outward normal to the material surface dP. It should be emphasized
that the time differentiation and the integration operations commute in (13.3b) because

the region P, is independent of time. In contrast, the time differentiation and the

integration operations in (13.6¢) do not commute because the region P depends on time.

However, sometimes in fluid mechanics the region P in space at time t is considered to be

a control volume and is identified as the fixed region P with boundary 0P and the time

differentiation is interchanged with the integration operations to obtain

ij O(x,1) dV=£J-_ d(x,0) dV+J-_ dvenda . (13.7)
dt P¢ otd_0 (0
P oP

However, in (13.7) it is essential to interpret the partial differentiation operation as

differentiation with respect to time holding x fixed. To avoid possible confusion it is

preferable to use the form (13.6¢) instead of (13.7).
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14. Conservation of Mass
Recall from (6.17) and (6.18) that the mass M(P) of the part P in the present

configuration and the mass M(P,) of the part P, in the reference configuration are
determined by integrating the mass densities p and p,, respectively. The conservation of
mass states that mass of a material region remains constant. Since the material region P,

in the reference configuration is mapped into the material region P in the present

configuration it follows that the conservation of mass requires

Jdev =JPOpO dav (14.1)

for every part P (or Pj) of the body. Furthermore, since P, and p, are independent of

time we may also write
J-P =
dt P dv =0 . (142)

The equations (14.1) and (14.2) are called global equations because they are stated
with reference to a finite region of space. In order to derive the local forms of these
equations we first recall that by using (7.20b) the integral over P may be converted to an

integral over P() such that
P dv = P Jdv . 14.3

It then follows that the statement (14.1) may be rewritten in the form

JPO[pJ ~pol AV =0 . (14.4)

Now, assuming that the integrand in (14.4) is a continuous function of space and

assuming that (14.4) holds for all arbitrary parts P, of the body we may use the theorem
proved in Appendix B to deduce that
pI=py . (14.5)

at every point of the body. The form (14.5) is the Lagrangian representation of the local
form of conservation of mass. It is considered a local form because it holds at every

point in the body.
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Alternatively, we may use the transport theorem (13.4) to rewrite (14.2) in the form

JP [p+pdivv]dv=0 . (14.6)

Now, assuming that the integrand in (14.6) is a continuous function of space and
assuming that (14.6) holds for all arbitrary parts P of the body we may use the theorem
proved in Appendix B to deduce that

p+pdivv=0 (14.7)
at every point of the body. The form (14.7) is the Eulerian representation of the local

form of conservation of mass. Note that the result (14.7) may also be deduced directly

from (14.5) by using equation (P4.3) and the condition that (.) 0=0.

For later convenience we use the transport theorem (13.4) with ¢=pf to deduce that
d o
ajppfdv =JP[ pf +pfdivv]dv

=J-P[p%+f((.)+pdivv)]dv. (14.8)

Now using the local form (14.7) of conservation of mass, equation (14.8) reduces to

d .
ajppfdwjp[pf]dv : (14.9)
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15. Balances of Linear and Angular Momentum

In the previous section we discussed the conservation of mass equation, which can be
thought of as an equation to determine the mass density p. For the purely mechanical
theory it is necessary to add two additional balance laws called the balances of linear and
angular momentum.

Balance of Linear Momentum: In words the balance of linear momentum states that

the rate of change of linear momentum of an arbitrary part P of a body is equal to the
total external force applied to that part of the body. These external forces are separated
into two types: body forces which act at each point of the part P and surface tractions that
act at each point of the surface 0P of P. The body force per unit mass is denoted by the
vector b and the surface traction per unit area is denoted by the stress vector t (n), which
depends explicitly on the unit outward normal n to the surface 0P. Then, the global form

of the balance of linear momentum may be expressed as
d
aJ-PdeV=J-Ppb dV+J-aP t(n) da , (15.1)

where p is the mass density and the velocity v is the linear momentum per unit mass.

Balance of Angular Momentum: In words the balance of angular momentum states

that the rate of change of angular momentum of an arbitrary part P of a body is equal to
the total external moment applied to that part of the body by the body force and the
surface tractions. In this statement the angular momentum and the moment are referred
to an arbitrary but fixed point. Letting x be the position vector relative to a fixed origin
of an arbitrary point in P, the global form of the balance of angular momentum may be

expressed as

d
aPXXdeV=J-PXXpde+J-aPXXt(ll)da, (15.2)

65



16. Existence of the Stress Tensor

Consider an arbitrary part P of the body with closed boundary dP and let P be divided

by a material surface s into two parts P; and P, with closed boundaries dP; and dP,,
respectively. Furthermore, let the intersection of P, and dP be denoted by dP' and the
intersection of dP, and dP be denoted by dP" (see Fig. 16.1). Mathematically, we may

summarize these definitions by

P=P,UP,, 0P =dP, NP , dP"'=dP, NP , (16.1a,b,c)
9P=aP UIP" , 9P, =P Us , P, =dP"US . (16.1d,e,0)

Also, let n be the unit normal to the surface s measured outward from the part P, (see

Fig. 16.1).

aPH

Fig. 16.1 Parts P, and P, of an arbitrary part P of a body

Now recall that the balance of linear momentum is assumed to apply to an arbitrary

part of the body so its application to the parts P, P, and P, yields

d
dtJ-PPVdV—J-PPb dV_J-aPt(n) da =0, (16.2a)
d
dtJ-PI pvdV—JPI pb dv—JaPIt(n) da=0, (16.2b)
d
dtjpzpvdV—JPZ pb dv—Japzt(n) da=0, (16.2¢)
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where n in (16.2a,b,c) is considered to be the unit outward normal to the part and is not to
be confused with the particular definition of n associated with the surface S. Since the

regions P,P,,P, are material and since the local form (14.7) of the conservation of mass is

assumed to hold in each of these parts, the result (14.9) may be used to deduce that

dl pvav=1 ovavel v
diJopvdv=J)_pvdv = pv dv+ pv dv , (16.3a)
P P P, P,
%J ovdv= ] pvdv. %J ovdv=] pvdv.  (163bo)
Py Py P, P,
Also, using (16.1) we obtain
J-Ppb dV:JPl pb dV+J-P2 pbdv , (16.4a)
J-aPt(n) da=J-aP,t(n) da+J-aP”t(n) da , (16.4b)
J-aPl t(n) da= J-aP' t (n) da +J-S t(n)da , (16.4c)
J-apzt(n) da=J-aP”t(n) da+J-st(—n) da , (16.4d)

where in (16.4d) we note that the unit outward normal to S when it is considered a part of

P, is (= n). Thus, with the help of (16.3) and (16.4) the equations (16.2) may be rewritten

in the forms

[JPI v dv—fPl ob dv—faP, t (n) da]

+ [J-Pzp;' dv—JP2 ob dV—J-aP,t(n) da] =0 , (16.52)
J-Pl v dv—JP1 ob dV—J-aP,t(n) da—J-St(n) da =0 , (16.5b)
Jpsz dv—JP2 ob dV—J-aP,t(n) da—J-St(—n) da =0 . (16.5¢)

Next we subtract (16.5b) and (16.5¢) from (16.5a) to deduce that
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JS [t(m)+t(n)]da=0 . (16.6)

Since (16.6) must hold for arbitrary material surfaces S and since we assume that the

integrand is a continuous function of points on S it follows by a result similar to that
developed in Appendix B that

t(-n)=-t(n) , (16.7)
must hold for all points on S. Note that this result, which is called Cauchy's Lemma, is
the analogue of Newton's law of action and reaction because it states that the stress vector

applied by part P, on part P, is equal in magnitude and opposite in direction to the stress
vector applied by part P; on part P,.

In general, the stress vector t is a function of position x, time t, and the unit outward
normal n to the surface on which it is applied
t=t(xt;n) . (16.8)
It follows that the state of stress at a point x and at time t must be determined by the
infinite number of stress vectors obtained by considering all possible orientations (n) of
planes passing through x at time t. However, it is not necessary to consider all possible
orientations. To verify this statement we first note that the simplest polyhedron is a
tetrahedron with four faces. Secondly, we note that any three-dimensional region of
space can by approximated to any degree of accuracy using a finite collection of
tetrahedrons. Therefore, if we can analyze the state of stress in a simple tetrahedron we
can in principle analyze the stress at a point in an arbitrary body. To this end, consider

the tetrahedron with three faces that are perpendicular to the Cartesian base vectors e;,

and whose fourth face is defined by the unit outward normal vector n (see Fig. 16.2).
Let: the vertex D (Fig. 16.2) be located at an arbitrary point y in the part P of the body;

the surfaces perpendicular to e, have surface areas S;, respectively; and the slanted

surface whose normal is n have surface area S.
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e A

Fig. 16.2 An Elemental Tetrahedron

Denoting x AD> XD Xcp a8 the vectors from the vertex D to the vertices A,B,C,

respectively, it follows by vector algebra that

2Sn=Xgp —Xap) X Xep —XaAp) > (16.9a)
28 n =(xXgp X Xcp) + (Xep X Xap) + (Xap X Xgp) > (16.9b)
2Sn=2S,e,+2S,e,+2S5e5 , (16.9¢)

so that the areas Sj may be related to S and n by the formula

Sj=ej'Sn=Snj , (16.10)

where n; are the Cartesian components of n. Also, the volume of the tetrahedron is given

by

1 1 1
Viet =6 XgpXap) X XcpXap) *Xcp=6 (25Mm) *Xcp=3 Sh, (16.11)

where we have used (16.9a). In (16.11) S is the area of the slanted side ABC of the
tetrahedron and h is the height of the tetrahedron measured normal to the slanted side.
Now with the help of the result (14.9) the balance of linear momentum may be

written in the form
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JPp{V—b} dv=JaPt(n) da . (16.12)

Then taking P to be the region of the tetrahedron the balance of linear momentum (16.12)

becomes
. 3
JPp{v—b}dv=JSt(n)da+j_zljsjt(—ej)da. (16.13)
However, by Cauchy's Lemma (16.7)
t(- ej) =—t(ej) . (16.14)
Defining the three vectors Tj to be the stress vectors applied to the surfaces whose
outward normals are €,
Tj=t(ej) , (16.15)
we may rewrite (16.13) in the form

. 3
JPp{v—b} dV=J-St(n) da_ElJSj T;da . (16.16)

Assuming that the term p(;' —b) is bounded and recalling that

J-fdv SJ- [fldv , (16.17)
P P

it follows that there exists a positive constant K such that

Upp{;—b}dv sjp|p {v-v}lav

1
SJ-PKdV=KJ-PdV=K§ Sh . (16.18)

Further, assuming that the stress vector is a continuous function of position x and the

normal n, the mean value theorem for integrals states that there exist points on the
surfaces S,S; for which the values t*(n),Tj* of the quantities t (n), Tj evaluated at these

points are related to the integrals such that

3
J tm)da=t"(m)S ,zj T.da=T:S.=T:n.S , (16.19a,b)
S i=1 Sj J 1] J ]
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where we have used the result (16.10) and summation is implied over the repeated index

J- Then with the help of (16.16) and (16.19) equation (16.18) yields the result that
¢(n) —T*n| <3 Kh 16.20
|t"m) -Tinj| <3 Kh . (16.20)

where we have divided by the positive area S. Now, considering the set of similar
tetrahedrons with the same vertex and with diminishing heights h it follows from (16.20)

that as h approaches zero we may deduce that
t'm="Tn; . (16.21)
However, in this limit all functions are evaluated at the same point X so we may suppress

the star notation and write

t(n) = Tj n; . (16.22)

Also, since x was an arbitrary point in the above argument it follows that (16.22) must
hold for all points x and all normals n.

In words the result (16.22) states that the stress vector on an arbitrary surface may be
expressed as a linear combination of the stress vectors applied to the surfaces whose unit
normals are in the coordinate directions € and that the coefficients are the components of
the normal n. Notice that by introducing the definition

T= Tj®ej , (16.23)

equations (16.15) and (16.22) may be written in the alternative forms
Tj =T e , tn)=Tn , (16.24a,b)
It follows from (16.24b) that since T transforms an arbitrary vector n into a vector t, T

must be a second order tensor. This tensor T is called the Cauchy stress tensor and its

Cartesian components Tij are given by

T;=(e®e) s T=¢-T,, (16.25)

so that the component form of (16.24) becomes
t, = Tij n (16.26)
where t; are the Cartesian components of t. Furthermore, in view of (16.15) it follows

that components Tij of Tj are the components of the stress vectors on the surfaces whose

outward normals are €; (see Fig. 16.3) and that the first index i1 of Tij refers to the
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direction of the component of the stress vector and the second index j of Tij refers to the

plane on which the stress vector acts.

It is important to emphasize that the stress tensor T(x,t) is a function of position x and
time t and in particular is independent of the normal n. Therefore the state of stress at a
point is characterized by the stress tensor T. On the other hand, the stress vector t(x,t ;n)
includes an explicit dependence on the normal n and characterizes the force per unit area

acting on the particular plane defined by n that passes through the point x at time t.

Fig. 16.3 Components of Stress Tensor

The stress vector t on any surface can be separated into a component normal to the

surface and a component parallel to the surface such that

t=t +t .t =on,t=Ts, (16.27a,b,c)

S
where the normal component o, the magnitude of the shearing component T, and the

shearing direction s are defined by

12
o=ten , 1=t |=[tet-c2]" | (16.28a,b)

s=_" = , Ses=1. (16.28c,d)



It is important to note that ¢ and T are functions of the state of the material through the
value of the stress tensor T at the point of interest and are functions of the normal n to the
plane of interest.

Sometimes a failure criterion for a brittle material is formulated in terms of a critical
value of tensile stress whereas a failure criterion (like the Tresca condition) for a metal is
formulated in terms of a critical value of the shear stress. Consequently, it is natural to
determine the maximum values of the normal stress ¢ and the shear stress T. To this end
the equations (16.28a,b) are rewritten in the forms

6=T+m®n) , ?=T?m®n)-0> . (16.29a,b)

Then, it is necessary to search for critical values of ¢ and 7T as functions n. However, it is

important to remember that the components of n are not independent because n must be a
unit vector

nen=1. (16.30)

Appendix C reviews the method of Lagrange Multipliers which is used to determine
critical values of functions subject to constrains, and Appendix D determines the critical
values of ¢ and 7. In particular, it is recalled that the critical values of ¢ occur on the
planes whose normals are in the principal directions of the stress tensor T. Also, letting
{0, 0,5, 03} be the ordered principal values of T and {p;, p,, p3} be the associated
principal directions of T

Tp,=0,p;, Tp,=0,p, ,Tp3=03p53 (16.31a,b,c)
6,20,2=203 , (16.31d)

it can be shown that ¢ is bounded by the values ¢, and 05
G, 202=0;5 . (16.32)
Therefore, the maximum value of tensile stress G equals 6, and it occurs on the plane
whose normal is in the direction p;. Moreover, it can be shown that the stress vector

acting on this critical plane has no shearing component

t=0yn,06=06,,1=0 for n=%xp, . (16.33a,b,c)
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In Appendix D it is also shown that the maximum shear stress T__ occurs on a plane
which bisects the planes defined by the maximum tensile stress p; and the minimum
tensile stress p; such that

0, +0; 0, —-03 1
0="7 . Tuu=T= "2 forn=i5 (ppy). (16.34a,b)

Notice that on this plane the normal stress ¢ does not necessarily vanish so that the stress

vector t does not apply a pure shear stress on the plane where T is maximum.
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17. Local Forms of Balance Laws
Assuming sufficient continuity and using the local form of conservation of mass

together with the result (14.9) we may deduce that
d .
aJ-PdeV =J-va dv , (17.1a)

T .
aPXXdeV=J-Pp XXV dV=J-PX><pV dv . (17.1b)

Also, we may use the relationship (16.24) between the stress vector t, the stress tensor T,

and the unit normal n together with the divergence theorem (3.46) to obtain

J

x x Tn da =JP div(xxT)dv = JP [ej X T, +x x div T]dv, (17.2b)

9P tda=J-aPTnda=J-Pd1VTdV , (17.2a)

J- xxtda:J-

oP oP

where in (17.2b) we have used (3.40) and (16.24a) to write

diV(x><T)=(x><T),j°ej=(X,J-><T+x><T,j)°ej
=ej><Tej+x><(T,j-ej)=ej><Tj+x><divT. (17.3)
Now the balance of linear momentum (15.1) may be rewritten in the form

J-P[p;'—pb—diVT]dV=O. (17.4)

Assuming that the integrand in (17.4) is a continuous function and assuming that (17.4)
must hold for arbitrary regions P it follows from the results of Appendix B that

pv=pb+divT, (17.5)
must hold for each point of P. Letting Vi’bi’Tij be the Cartesian components of v.b,T,
respectively, the component form of balance of linear momentum becomes

pv.=pb +T (17.6)

iy
Similarly, the balance of angular momentum (15.2) may be rewritten in the form

J-P[xx{p;—pb—diVT}—eijj]dV=O. (17.7)

75



Assuming that the integrand in (17.7) is a continuous function, using the local form
(17.5) of balance of linear momentum and assuming that (17.7) must hold for arbitrary
regions P it follows from the results of Appendix B that

€; ><Tj =0, (17.7)

must hold for each point of P. Then, using (3.36) and (16.24a) equation (17.7) may be
rewritten in the form

e,xTe=¢e+(®Te)=c(e®T)=eAT)=gT'=0. (17.8)
Since € is skew-symmetric in any two of its indices we may conclude that the local form

of angular momentum requires the stress tensor to be symmetric

TH=T , T;=T; . (17.9a,b)
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18. Referential Forms of the Equations of Motion

In the previous sections we have defined the stress vector t as the force per unit area
in the present configuration. This leads to a definition of stress which is sometimes
referred to as the true stress. Alternatively, since the surface JP in the present

configuration maps to the surface dP, in the reference configuration we can define

another stress vector Tt as the force acting in the present configuration but measured per

unit area in the reference configuration. This leads to a definition of stress which is
sometimes referred to as engineering stress.

Recalling that the stress vector t depends on position X, time t, and the unit outward
normal n, it follows that the stress vector T depends on position X, time t, and the unit

outward normal N to the surface dP,. Thus, the force acting in the present configuration
on an arbitrary material part S of the present surface P or the associated part S of the

reference surface P, of the body may be expressed in the equivalent forms

J-S t(n) da =J-SO nt(N) dA , (18.1)

where dA is the element of area in the reference configuration. Similarly, the quantities

v, b, X X v, X X b are measured per unit mass and represent the linear momentum, body

force, angular momentum, and moment of body force, respectively. Therefore, since p,

is the mass density per unit reference volume we have

JP pvdv =JPO povdV , (18.2a)
JP pbdv =JPO pobdVv (18.2b)
J-Pxxpvdv =J-POXXpOVdV’ (18.2¢)
J-Pxprdv =J-P0x><pode , (18.2d)

where dV is the element of volume in the reference configuration.
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Then with the help of the results (18.1) and (18.2) the balances of linear momentum

(15.1) and angular momentum (15.2) may be rewritten in the forms

d
dt JPOpO vdV = JPOpO bdV + J-aPOn(N) dA |, (18.3a)

d
dat p XXpyvdV = J-Poxxpode +J-8P x X t(N) dA . (18.3b)

0 0

Following similar arguments as those in Sec 16 the stress vector 7t (N) may be shown to
be a linear function of N which may be represented in the form
T(N)=IIN , m, (N, =1L, Ny , [T =11, ¢®e, , (18.4a,b,c)
where 1T, are the components of &, and IT, with components IT. ,, is a second order tensor
called the first Piola-Kirchhoff stress tensor.
With the help of (18.4) the local form of balance of linear momentum becomes
DoV =pob+DIVIT , pyv,=pyb;+TTs s » (18.5a,b)
where Div denotes the divergence with respect to X and (,, ) denotes partial
differentiation with respect to X,. To obtain the local form of angular momentum let us
first consider
Div (x XIT) = (x XII),, * €, = (X,, XII) e e, +xX(I1,, *€,)
=(Fey) x(Iley) +xx(DivII) . (18.6)
Thus, with the help of (18.5) the local form of balance of angular momentum yields
(Fey)x(Iley)=0. (18.7)
Using (3.36) we may rewrite (18.7) in the form
0=(Fe,)x(Tley)=€*(Fe, ®Ie,) =€ (Fe,®e,JI) =g+ FIMNT) ,
g« (FIIT)=0. (18.8)
Thus, since € is skew-symmetric in any two of its indices we realize that the tensor F IIT
must be symmetric
FII'=FIH'=IIF" | F, T, =F I, - (18.9a,b)

This means that the first Piola-Kirchhoff stress Il is not necessarily symmetric.
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Since the stress vector t is related to the Cauchy stress T by the formula t (n) =T n
and since equation (18.1) relates the force acting on the part S of the surface 0P to the
force acting on the part S, of the surface dP,), it should be possible to relate the Cauchy
stress T to the first Piola-Kirchhoff stress II. To this end, we recall from (7.34) that

T(N)JA=TIINdA=ITFTnJ!da, (18.10)

so equation (18.1) may be rewritten in the form

Js {T-I"'"IIFT}nda=0 . (18.11)

Assuming that the integrand is continuous and that dP is arbitrary we obtain
{T-I"'"IIFT} n=0. (18.12)
However, the tensor in the brackets is independent of the normal n and n is arbitrary so
we deduce that the Cauchy stress T is related to the first Piola-Kirchhoff stress IT by
T=J'IIF", T; =" Fjp . (18.13a,b)
Notice that (18.9a) and (18.13a) ensure that the Cauchy stress T is symmetric, which is
the same result that we obtained from the balance of angular momentum referred to the
present configuration.
The first Piola-Kirchhoff stress IT, with components II. ,, is referred to both the
present configuration and the reference configuration and it is also called the

nonsymmetric Piola-Kirchhoff stress. For many purposes it is convenient to introduce

another stress S, with components S, 5, which is referred to the reference configuration
only and is defined by
IT=FS , [z =F;, Sxp - (18.14a,b)
It follows from the definition (18.14a) and the result (18.9a) that S is a symmetric tensor
ST=S , Sga=Sup - (18.15a,b)

For this reason S is also called the symmetric Piola-Kirchhoff stress. Finally, we note

from (18.13a) and (18.14a) that the Cauchy stress T is related to S by the formula
—71-1 T _ 711
T=J"FSF", Tij—J FiA Sap FjB . (18.16a,b)
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Furthermore, recall that the Cauchy stress T can be separated into its spherical part —
pI and its deviatoric part T', such that
1
T=-pI+T , p=—3 Tel, T'eI=0, (18.17a,b,c)

where p denotes the pressure. It follows from (18.16a) and (18.17) that the symmetric

Piola-Kirchhoff stress S admits an analogous separation

S=JFI!TFT, (18.182)
S=—pJCl+s, (18.18b)

1
p=-3J1SeC, (18.18¢)
S=JF!TFT, 6 SC=0. (18.18d,e)

It is important to emphasize that although T' is deviatoric (18.17¢) the associated quantity

S'is not (18.18e) even though S' is directly related to T' (18.18d).
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19. Invariance Under Superposed Rigid Body Motions
From section 11 we recall that under superposed rigid body motion (SRBM) the point
x at time t is moved to the point x* at time t"=t+a such that x* and x are related by the
mapping
xf=ct) + Q) x , QQT=QTQ =1, detQ=+1, (19.1a,b,c)
where c is a vector, and Q is a second order tensor and both ¢ and Q are functions of time
only. Furthermore, we recall that in section 11 the mapping (19.1a) was used to derive a
number of expressions for the values of various kinematic quantities associated with the
superposed configuration P*. 1In this section we will determine expressions for the
superposed values of a number of kinetic quantities that include: the mass density p, the
stress vector t, the Cauchy stress tensor T, and the body force b. Consequently, we will
derive expressions for the quantities
{p*.tt, TT, bt} . (19.2)
It is important to emphasize that the values of all kinematic and kinetic quantities in
the superposed configuration P* must be consistent with the basic physical requirement
that the balance laws remain form-invariant when expressed relative to P*. Therefore the

conservation of mass and balances of linear and angular momentum may be stated

relative to P* in the forms

pi PH V= JPo Py dV (19.3a)
: J
dlpeptviavt =) ptbravt + | @ dat (19.3b)
d
aJ-PJrXJr xptvtdvt = J-P+ xtx ptbtdvt + J-aPJr x x tt(n") dat , (19.3¢)

where dP* is the closed boundary of P*. Using the arguments of section 16 it can be

shown a Cauchy tensor T* exists which is a function of position and time only, such that
t*m™) =T  n* . (19.4)

Then, with the help of the transport and divergence theorems and the result (11.19a) that

dv*t=J*dV, the local equations forms of (19.3) become
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pTIT =p, . (19.5a)

pt vt= pt bt +divt T+ , (THT =T+, (19.5b,¢)
where divt denotes the divergence operation with respect to x*.

Using the kinematic result (11.19a) that J*=J it follows that the conservation of mass

(19.5a) may be used to prove that the mass density remains unchanged by SRBM
pt=p . (19.6)

In contrast, the balance of linear momentum (19.5b) contains two additional unknowns

b* and T* [once p*=p is used and ;'+ is expressed in terms of derivatives of (19.1a)].
Therefore, to determine the forms for b* and T* it is essential to make a physical
assumption. To this end, we assume that the component of the stress vector t* in the
direction of the outward normal n* remains unchanged under SRBM so that

ttm™)ent=t(m)en . (19.7)
Recalling from (11.19) that

n*=Qn ., n=QTn* (19.8a,b)
it follows that (19.7) may be rewritten in the form

[ttm")-Qt(Q™n")]ent=0 . (19.9)

Although (19.9) must be valid for arbitrary n* we cannot conclude that the coefficient of

n* vanishes because the coefficient also depends on n*. However, by using (19.4) and

expressing the stress vector in terms of the stress tensor and the outward normal we have
[T*-QTQT]em®n*) =0 . (19.10)
Now, since (19.10) must hold for arbitrary unit vector n* and the coefficient of n*®n* is

independent of n* and is symmetric we may conclude that under SRBM the Cauchy
stress tensor transforms by

T+=QTQT. (19.11)
It follows from (19.4),(19.8), and (19.11) we may deduce that under SRBM the stress

vector transforms by

t=Qt. (19.12)
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In order to explain the physical consequences of the assumption (19.7) we use the
results (19.11) and (19.12) to deduce that
ttrett=tet, THeT =TT . (19.13a,b)
This means that the magnitudes of both the stress vector and the Cauchy stress tensor
remain unchanged by SRBM. Furthermore, in view of the assumption (19.7) this means
that the angle between the stress vector t and the unit outward normal n also remains
unchanged by SRBM. Consequently, the stress vector and stress tensor which
characterize the response of the material are merely rotated by SRBM.

In view of the above results equation (19.5b) becomes an equation for determining
b*. To this end, use (19.1a) and (19.11) to deduce that
divt T* = aT+/axJ+. ce= aT*/ox, (axi/axj-) €= (QTQT),i (jS ej) ,
divt T+ = (QT,;Q") (Qe) = QT ¢; ,
divtT*=QdivT . (19.14)

Thus, with the help of (17.5),(19.6), and (19.14), equation (19.5b) demands that under
SRBM the body force b transforms by

[ ] [ ]
bt=vt+QMb-v) . (19.15)
For later convenience we summarize the transformation relations for kinetic

quantities as follows

pt=p , T*=QTQT , b*=v*+Q(b-v) . (19.16a,b,c)

Also, with the help of (18.4a),(18.14a),(18.16a), and (19.16) it can be shown that the

Piola-Kirchhoff stress vector 7, nonsymmetric stress tensor II, and symmetric stress
tensor S transform under SRBM by

nt=Qmn , I =QII , S*=S . (19.17a,b,c)
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20. The Balance of Energy

In the previous sections we have focused attention on the purely mechanical theory.
Although it is not our intention to discuss the complete thermodynamical theory it is
desirable to introduce the balance of energy which is also called the first law of
thermodynamics. In words the balance of energy connects notions of heat and work. In
order to discuss this balance law it is necessary to introduce the concepts of internal
energy, rate of heat supply, kinetic energy, and rate of work. To this end, we assume the

existence of a scalar function €(x,t) called the specific (per unit mass) internal energy.

Then the total internal energy ‘E of the part P of the body is given by
£=J-P pedv . (20.1)

Next we assume that heat can enter the body in two ways: either through an external
specific rate of heat supply r(x,t) that acts at each point x of P or through a heat flux

h(x,t ; m) per unit present area that acts at each point of the surface dP of P. Thus, the

total rate of heat H supplied to P is given by
ﬂ-[=J-PprdV —J-aPhda. (20.2)

We emphasize that the heat flux h is also a function of the unit outward normal n to dP
and that the minus sign in (20.2) is introduced for later convenience. Furthermore, we
note that the first term in (20.2) represents the rate of heat entering the body through
radiation and the second term in (20.2) represents the rate of heat entering the body

through heat conduction.

The total kinetic energy K of the part P is given by
J‘ 1
K = P§pV°VdV, (20.3)

where v is the velocity. Also, the total rate of work W done on the part P is calculated by

summing the rate of work supplied by the body force b and the stress vector (or surface

traction) t so that
W=J-Ppb.VdV+J-8Pt.Vda' (20.4)
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Now the balance of energy may be expressed in words by the following statement:
The rate of change of internal energy plus kinetic energy of an
arbitrary part of a body equals the rate of supply of work and heat
to that part.

The mathematical representation of this statement becomes
E+K=W+H . (20.5)

Following analysis similar to that in section 16 it can be shown by applying the balance
of energy (20.5) to an elemental tetrahedron that the heat flux h(x,t ; n) must be a linear
function of n and therefore may be expressed in the form

h(x,t;n) =q(x,t)en , (20.6)
where q(x,t) is a vector function of position and time only that is called the heat flux.

Thus, H in (20.2) may be rewritten as
ﬂ-(=J-PprdV —Jan-nda. (20.7)

It follows from (20.7) that the vector q indicates the direction in which heat is flowing,
since a positive value of q * n indicates that heat is flowing out of the part P.

In order to derive the local form of the balance of energy we use the transport and

divergence theorems to obtain

d 1
dat Pp(e+§ vev)dv

= Jp{p(5+V°;)+(r3+pdivv) (H%v-v)} dv , (20.8a)

J

aPt°vda=J-P{V°d1VT+T°L}dV, (20.8b)

J-an°nda= J-P divq dv . (20.8¢)

where we have used the result that
div(vTD) =(vT),*e=(vT,)se+ (v, T)ee=ve(T, e)+Te(v,Re)
div(vT)=vedivT+TeL . (20.9)
It follows from these results that the balance of energy may be rewritten in the form
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L4 1 °
JP{(D +pdivv)(€+7 vev)+ve(pv —pb-divT)

+(pe —pr+divg-TeL)}dv=0 (20.10)

Assuming that the integrand in (20.10) is continuous and assuming that (20.10) must hold

for all arbitrary parts P we may deduce the local equation
° 1 °
(p +pdivv)(e+73 vev)+ve(pv —pb—-divT)

+(pé—pr+divq—T°L)=O. (20.11)
However, in view of the conservation of mass (14.7), and the balance of linear

momentum (17.5), equation (20.11) reduces to

pe —pr+divg-TeL=0 . (20.12)
Furthermore, using the results of balance of angular momentum (17.9a) the term T ¢ L
becomes

TeL=TeD+TW=T°D , (20.13)
where we recall that the inner product of symmetric and skew-symmetric second order

tensors vanishes. Thus, (20.12) finally reduces to
pe —pr+divg-TeD=0 . (20.14)
Before closing this section we note that € and r are assumed to remain unchanged by
SRBM so that
et=¢ ,rt=r. (20.15a,b)

Furthermore, we assume that ¢ * n also remains unchanged by SRBM

qen=q"en" . (20.16)
Thus, with the help of (11.19) we may deduce that under SRBM
q"=Qq . (20.17)
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21. Derivation of Balance Laws From Energy and Invariance Requirements

In this section we show that the conservation of mass and the balances of linear and
angular momentum can be derived directly from the balance of energy and invariance
requirements under SRBM. This unique inter relationship shows how fundamental the
invariance requirements are in the general theory of a continuum. Specifically , we start

with the assumption that the balance of energy remains uninfluenced by SRBM so that it

can be stated relative to the superposed configuration P* in the form
Er k=W H @L1)
where the total internal energy E*, kinetic energy K*, rate of work W* and rate of heat

supply ‘H*, referred to the superposed configuration are given by

1
f+=J-P+ pretdvt , Kt = J-P+ Fptvtevtdvt | (21.2a,b)
Wh=Jo pTbTevidvt+ JaP+ ttevtdat, (21.2¢)
H+= pt ptrtdv* _JaP+ q*en*da* . (21.2d)

Using the transport theorem, (19.4), the divergence theorem and continuity, it follows

the local form of (21.1) becomes
° 1 °
(pt+pTdivtvh) (et +73 vievh) +vie (pt vt —ptb" —divt TY)

+(ptet —ptrt+divtqt—Tre L") =0, (21.3)

where div* is the divergence operator relative to x*.
Now, with the help of the invariance conditions (11.22b),(11.23a),(19.14), (19.16),
(20.15),(20.17), as well as the results

divt vt = 8V+/8xjf ce= av*/ox, (axi/axjf) ce= (E +QQx+Qv),;* (jS ej)
=(QQe¢+Qv,)*(Qe)=Q7°(QeXQe) +V, e
= Q°(Qei®eiQT)+ divv=Qel+divv=divv, (21.4a)
divtqt=divq, (21.4b)

87



TteLt=QTQT¢(QLQT+Q)=T*L+T*Q'QQ , (21.4¢)

equation (21.3) reduces to
[ ) . 1 [ ) .
(p +pdivv)(e+73 vievH) +v e Qv —pb-divT)

+(p<;,—pr+divq—T°L—T°QTQQ)=O. (21.5)
Equation (21.5) is assumed to be valid for all SRBM. In the following we use two
specific SRBM to derive results that are necessary consequences of (21.5). To this end,

let us first consider the case of a trivial SRBM for which

¢c=0,¢=0,Q=1,Q=0Q=0, (21.6a,b.c.d)
xf=x, vt=v . (21.6¢,)
Substitution of (21.6) into (21.5) we obtain the equation (20.11). Next, consider the

special SRBM that represents a constant velocity translation, which is obtained from

(11.16) and (11.22a) by taking

¢=0,¢=uu,usu=1, (21.7a,b.c)

Q=1,Q=0, (21.7d.e)
where (21.7) represent the instantaneous values at a specified but arbitrary time t. It
follows from (11.16) and (11.22a) that at this time

x"=x, vi=v+uu, Q =0 . (21.8a,b,c)
The conditions (21.8) indicate that at time t the body occupies the same position as in P,
but that a translation (without rotation) in the constant direction u with constant velocity
u has been superimposed on the motion. Substituting (21.7d) and (21.8) into (21.5) and
subtracting (20.11) from the result we deduce that

° 1 °
(p +pdivv)[uuev+y u2]+uu°(pv —pb-divT) =0 , (21.9)

must hold for arbitrary u and u. Since the coefficients of u and u? in (21.9) are
independent of u, each of these coefficients must vanish, so we obtain the local form of
conservation of mass

p +pdivv=0 , (21.10)

and the condition that
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u°(p;'—pb—diVT)=O. (21.11)
Furthermore, since the direction u is arbitrary and the coefficient of u is independent of u

we also obtain the local form of balance of linear momentum

pv=pb+divT . 21.12)
Now with the help of the results (21.10) and (21.12), equation (20.11) reduces to

pe —pr+divg-TsL=0, (21.13)

so that (21.5) yields the equation
TQ'QQ=0. (21.14)
However, since Q is an arbitrary skew-symmetric tensor, QTQ Q is also an arbitrary
skew-symmetric tensor. Thus, since T does not depend on Q the Cauchy stress T must

be symmetric

=T, (21.15)
which is the consequence of balance of angular momentum. Finally, substitution of

(21.15) into (21.13) and using (20.13) we obtain the reduced energy equation

pe —pr+divg-TeD=0 . (21.16)

In the above analysis we have proved that the conservation of mass, the balances of
linear and angular momentum, and the balance of energy, all referred to the present
configuration P, are necessary consequences of the balance of energy and invariance
under SRBM. Although these results were obtained using special simple SRBM it is
easy to see using the invariance conditions (19.16),(20.15) and (20.17) that these balance

laws remain form-invariant under arbitrary SRBM.
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22. Boundary and Initial Conditions

In this section we confine attention to the discussion of initial and boundary
conditions for the purely mechanical theory. In general, the number of initial conditions
required and the type of boundary conditions required will depend on the specific type of
material under consideration. However, it is possible to make some general observations
that apply to all materials.

To this end, we recall that the local forms of conservation of mass (14.7) and balance
of linear momentum (17.5) are partial differential equations which require both initial and
boundary conditions. Specifically, the conservation of mass (14.7) is first order in time

with respect to density p so it is necessary to specify the initial value of density at each

point of the body

p(x,0) =p(x) onPfort=0. (22.1)
Also the balance of linear momentum (17.5) is second order in time with respect to
position x so that it is necessary to specify the initial value of x and the initial value of the

velocity v at each point of the body
)Q(X,O) =x(X) onP fort=0, (22.2a)

Q(X,O) =V(x,0) =v(x) onP fort=0. (22.2b)

Guidance for determining the appropriate form of boundary conditions is usually
obtained by considering the rate of work done by the stress vector. From (20.4) we
observe that t ¢ v is the rate of work per unit present area done by the stress vector. At
each point of the surface dP we can define a right-handed orthogonal coordinate system

with base vectors { s; , s, , n }, where n is the unit outward normal to dP and s; and s,

are orthogonal vectors tangent to 0P. Then with reference to this coordinate system we
may write

tev=(tes)(ves)+(tes,)(ves,) +(ten)(ven) on JP . (22.3)

Using this representation we define three types of boundary conditions

Kinematic: All three components of the velocity are specified

(ves)) , (ves,) , (ven) specified on dP forall t =0, (22.4)
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Kinetic: All three components of the stress vector are specified

(tes)) , (tes,) , (t*n) specified on dP forall t =0, (22.5)

Mixed: Complementary components of both the velocity and the stress vector are
specified

(ves)) or (tes)) specified on dP for all t 20, (22.6)

(ves,) or (tes,) specified on dP forall t=0, (22.6)

(ven) or (ten) specified on dP for all t =0 . (22.6)

Essentially, the complementary components (t * s;),(t * s,),(t ® n) are the responses to the
motions (v * s;),(V * S,),(v ¢ m), respectively. Therefore, it is important to emphasize that

for example both (v * n) and (t * n) cannot be specified at the same point of dP because
this would mean that both the motion and the stress response can be specified
independently of the material properties and geometry of the body. Notice also, that
since the initial position of points on the boundary J0P are specified by the initial
condition (22.2a), the velocity boundary conditions (22.4) can be used to determine the
position of the boundary for all time. This means that the kinematic boundary conditions
(22.4) could also be characterized by specifying the position of points on the boundary

for all time.
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23. Linearization

In the previous sections we have considered the exact formulation of the theory of
simple continua. The resulting equations are nonlinear so they are quite difficult to solve
analytically. However, often it is possible to obtain relevant physical insight about the
solution of a problem by considering a simpler approximate theory. In this section we

will develop the linearized equations associated with this nonlinear theory.
We first note that a tensor u is said to be of order € [ O(e") ] if there exists a real
finite number C, independent of €, such that

lul<Ce" as €¢—>0 . (23.1)

In what follows we will linearize various kinematical quantities as well as the
conservation of mass and the balance of linear momentum and boundary conditions by
considering small deviations from a reference configuration in which the body is stress-

free, at rest, and free of body force. To this end, we assume that the density p is of order
11OE"]
p=pg+0OC) , (23.2)
and that the displacement u, body force b, Cauchy stress T, nonsymmetric Piola-
Kirchhoff stress IT, and symmetric Piola-Kirchhoff stress S are of order €
{u,b, T, II,S}=0() . (23.3)
The resulting theory will be a linear theory if € is infinitesimal

e<<1. (23.4)

Kinematics: Recalling from (7.30b) that the position x of a material point in the present
configuration may be represented by
x=X+u, (23.5)
the deformation gradient F becomes
F =0x/0X =1+ du/0X. (23.6)
In what follows we use (23.6) to derive a number of kinematical results. For this purpose
it is convenient to separate the displacement gradient into its symmetric part € and its

skew-symmetric part , such that

u/oX=¢e+ 0o , (23.7a)
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1 T T 1 T T
e =7 [0woX + (0woX)T] =T, @ =7 [0u/0X — (IoX) ] =— 0T, (23.7b.c)

where we note that both € and w are of order €. Now with the help of (23.6) and (23.7) it

follows that

F=I+0udX=I+e+0® , (23.8a)
Fl=I-0uoX+0(E})=I-€—-w+O0(?) , (23.8b)
C=FTF=1+2¢e+0(?) , (23.8¢)

E =% (C-T) = +0(&?) , (23.8d)
M=CY2=T+¢e+0(?) , (23.8¢)

Ml =T-g+0(?) , (23.8f)
R=FM!=I+0+0(?) , (23.8g)

which indicates that € is the linearized strain measure and ® is the linearized rotation
measure. Furthermore, we may use (23.8) to deduce that

u/ox = (0w/0X) F~1 = gu/oX + O(e?) (23.9a)

1
e=3 (I-FTF 1) = ¢ +0(e?) , (23.9b)

so that for the linear theory where terms of order €2 are neglected there is no distinction
between the strain measures E and e. To determine the linearized expression for the

change in volume we recall the Cayley-Hamilton theorem for C which states that C

satisfies its own characteristic equation and write

1
~C3+(C*DC>-7 [(C*D?>-C%2IC+1;I=0. (23.10)
Now, taking the inner product of (23.10) with I we have
e 5.0 3 2 1 3
I;=detC=3[C3«I-73(C*D(C>=D+73(CD°] . (23.11)

However, with the help of (23.8c) we may deduce that

Cel=3+2g1+0(?), (23.122)
CZel=3+4e+1+0(?), (23.12b)
C3elI=3+6e1+0(?), (23.12¢)
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so that (23.11) yields
I,=1+2g°1+0(?) , J=1'{ =1+e+I1+0(? . (23.13a,b)

Thus, the trace of the linearized strain € is the relative increase in volume

dv dv -dV
av - 1=—7gqv  =¢e-°I, (23.14)
and
I=divv=Del=¢ «I+0(2) . (23.15)

Kinetics: It follows from (23.2) and (23.15) that the conservation of mass (14.7) for the

linear theory becomes
p+pgE *D=0, (23.16)
where we have neglected terms of order g2, Also, since the stresses T.II,S are related by
the equations (18.13a),(18.14a) and (18.16a) it follows that
IM=FS=S+0@E? , T=J'ITFT'=S+0(?) . (23.17a,b)
This means that for the linear theory where we neglect terms of order €2 there is no
distinction between the three types of stresses
T=II=S . (23.18)
This is of course consistent with the fact that for the linear theory the geometry of the
present configuration is only slightly different from the geometry of the reference

configuration. Further in this regard we note that

div T = 9T/9x; * e, = (AT/0X ,) (0X ,/9x;) * €, = IT/IX, (8,4) * €, + O(e?)
= 9T/0X , * e, + O(€?) =Div T + O(e?) (23.19a)

Div IT = Div S + O(e?) , (23.19b)

so that the balance of linear momentum (17.5) or (18.5a) yield
po'lf =ppb+DivT , (23.20)

where again we have neglected terms of order £2.

Boundary Conditions: The boundary conditions (22.4)-(22.6) are expressed in terms of

values of functions of order € that are evaluated at points on the boundary oP of the
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surface in the present configuration. The linearized form of these boundary conditions
can be determined by considering an arbitrary function f of order € and using a Taylor
series expansion to deduce that
f(x,t) = f(X + w,t) = f(X,t) + 0f/0x » u + O(e3) = f(X,t) + O(e?) . (23.21)
This means that for the linear theory the distinction between the Lagrangian and Eulerian
representations of any function of order € vanishes. Thus, to within the order of accuracy
of the linear theory the boundary conditions can be evaluated at points on the reference
boundary dP, instead of on the present boundary JP.
Finally, we emphasize that the linear theory derived from a given nonlinear theory is
unique but not vice versa. This means that an infinite number of nonlinear theories exist
which when linearized yield the same linear theory. Consequently, a linear theory

provides little guidance for developing an appropriate nonlinear theory.
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24. Material dissipation

Within the context of the purely mechanical theory it is possible to define the rate of

material dissipation D by the equation
JPde=w—fk—f('1, (24.1)

where the kinetic energy K and the rate of work W done on the body are defined by
(20.3) and (20.4), respectively, and ‘U represents the total energy associated with the
strain energy function X

‘U=J-P pdv. (24.2)

Next, using (14.9), (20.3), (20.4) and (20.8b) and the local forms of the conservation of

mass and the balances of linear and angular momentum, it follows that the rate of work

W can be rewritten in the form

W=J-Ppb.VdV+J-8Pt.Vda =J-P[pb+diVT]'VdV+J-PT'LdV,
W=JPp§-vdv+JPT-de,

W=C}.<+J-PT-DdV. (24.3)

Also, it can be shown that

f('l:JP pSdv . (24.4)

and that that local form of the rate of dissipation becomes
D=T+D-pZ=0, (24.6)

where the condition has been imposed that for general material response the rate of

material dissipation must be nonnegative. Moreover, it is observed form (24.1) that for a

dissipative material (‘D > 0) the rate of work supplied to the body is greater than the rates

of change of kinetic and strain energies that can be stored in the body.
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25. Nonlinear Elastic Solids

In this section we derive constitutive equations for a nonlinear elastic solid within the
context of the purely mechanical theory. In general a constitutive equation is an equation
that characterizes the response of a given material to deformations or deformation rates.
An elastic material is a very special material because is exhibits ideal behavior in the
sense that it has no material dissipation. One of the most important features of an elastic
material is that it is characterized by a strain energy function.

An elastic material is characterized by the following four assumptions:

Assumption 1: The rate of material dissipation (24.6) vanishes (D =0)

D=0 = p= =T+D . (25.1)

Assumption 2: The strain energy X is a function of the deformation gradient F and

reference position X only

T=3FX) , (25.2)
where we have included dependence on the reference position X to allow for the
possibility that the material may be inhomogeneous in the reference configuration.

Assumption 3: The strain energy X is invariant under superposed rigid body motions

(SRBM)
=% . (25.3)
Assumption 4: The Cauchy stress T is independent of the rate of deformation L.

In order to explore the physical consequences of the assumption 1 we define the total

strain energy ‘U by
‘U=J-Pp2dv , (25.4)

and use the transport theorem, the conservation of mass, and (25.1) to deduce that

ﬂ:JPpidv;%T°de. (25.5)

Thus, using (24.1) and (25.1) it is possible to derive the following theorem:

W=%K+1U., (25.6)
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which states that for an elastic material the rate of work done on the body due to body
forces and contact forces equals the rate of change of kinetic and strain energies. Since X
depends on the present configuration through the present value of F only the value of the
strain energy X is independent of the particular loading path which caused F.

Consequently, the total work done on the body vanishes for any closed cycle in which the
values of velocity v and deformation gradient F are the same at the beginning and end of
the cycle.

The assumption (25.3) places restrictions on the functional form (25.2). To see this
we recall that under SRBM F*=QF so that (25.3) requires
T+ = 3(F+X) = X(QF:X) = X(F:X) , (25.7)

to hold for arbitrary proper orthogonal Q. However, with the help of the polar

decomposition theorem F=RM we deduce the restriction that

I(F:X) = Z(QF:X) =Z(QRM;X) , (25.8)
must hold for arbitrary values of the proper orthogonal tensor Q. Since the deformation

may be inhomogeneous the rotation tensor R may be a function of position X. However,

for a given value of X, say X; we may choose Q=RT(X1) so that (25.8) yields

2(F:X) = Z(RT(X,)RM:X) . (25.9)

Now, evaluating (25.9) at X; we deduce that locally

SFX) =SMX,) =2(CX,) . (25.10)
Thus, a necessary condition for the strain energy X to be locally invariant under SRBM is
that the strain energy function X can depend on the deformation gradient F only through
its dependence on the deformation tensor C. It is easy to see that this condition is also a
sufficient condition because under SRBM C*=C. However, since X, is an arbitrary
material point we conclude that for each point X the strain energy X can depend on F

only through its dependence on C

~ A
2(F:X) = Z(C:X) . (25.11)
Now, with the help of (25.8) equation (25.1) yields
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0% o 0% g 9% 1
T+D=p3c *C =p3c *2F'DF= 2pF3c FT+D , (25.12a)
9T
(T-2pF3c FHeD=0 . (25.12b)

However, since the coefficient of D in (25.12b) is independent of the rate D and is
symmetric it follows that for any fixed values of F,X the coefficient of D is fixed and yet
the D can be an arbitrary symmetric tensor. Therefore, the necessary condition that
(25.12b) be valid for arbitrary motions is that the Cauchy stress be given by a derivative

of the strain energy

0x
T=2pFyc FT . (25.13)
Using the conservation of mass (14.5) and the relationship (18.16a) the symmetric Piola-
Kirchhoff stress S becomes
0x
S=2p,3C - (25.14)

Notice that the results (25.13) and (25.14) are automatically properly invariant under
SRBM. Also, notice that the result (25.14) is similar to the result for a simple spring that

the force is equal to a derivative of the potential (strain) energy.
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26. Material Symmetry
In order to continue our discussion of an elastic material it is desirable to first
consider the notion of material symmetry. To this end, consider a general elastic material

which is referred to a reference configuration with base vectors e,. Then, with reference
to another orthogonal set of base vectors eZ let us machine a tension specimen from the
material that is oriented in the eT direction. In general the response of this tension

specimen will be different for different choices of the direction eT . If this is true then the
material is called anisotropic. On the other hand if the response of the material is the
same for all choices of the direction eT then the material is called isotropic.

In order to make these notions more precise let us consider an arbitrary deformation

C from the reference configuration which is defined by its components C, 5 relative to
the reference axes such that

C=C,pe\®ep . (26.1)

Now consider another deformation C” relative to the same reference configuration which

is related to C and is defined by

C'=C,pe, ®ep . (26.2)
Since the components of C” relative to the axis ez are the same as the components of C
relative to the axes e, C” represents the same deformation as C but relative to a different

set of material axes. This means that by comparing the responses to C and C* we can

compare the responses associated with different material orientations. More specifically
we say that the response to the deformations C and C” is the same if the value of the

strain energy X is the same for all values of C, g

A A
2(C) =2X(C*) . (26.3)
In general we can define the orientation of the material axes ez relative to e, by the
orthogonal transformation H defined by
H=e,®e, , HH'=H'H=1I. (26.4a,b)
It follows from (26.4) that
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e,=He, , e, =Hle, , (26.5a,b)

so that C” is related to C and H by the formula
C*=C,gHle,®H ey =H! (C,ge,®ez) H=H'CH . (26.6)
Now with the help of (26.3) and (26.6) it follows that the response of the material to

arbitrary deformations associated with different material orientations will be the same

provided that

5 (C) = (HTCH) . (26.9)
In other words, the functional form of the strain energy X remains form-invariant to a
group of orthogonal transformations H which characterize the material symmetries
exhibited by a given material.For the case of crystalline materials these symmetry groups
can be related to the different crystal structures.

For the most general anisotropic elastic material the material has no symmetry so the
group of H contains only the identity I, whereas an isotropic elastic material has
complete symmetry so the group of H is the full orthogonal group. Furthermore it is
important to emphasize that the notion of material symmetry is necessarily connected
with the chosen reference configuration because H in (26.4a) is defined relative to fixed

material directions in this reference configuration.
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27. Isotropic Nonlinear Elastic Material

If an elastic material is isotropic in its reference configuration then the strain energy X
must remain form-invariant for the full orthogonal group of H in (26.9). It follows that
must be an isotropic function of C, which in turn means that ¥ must depend on C only

through its invariants. Recalling that the principal invariants of C are the same as the

invariants of B and are given by

[,=C+I =B-I, (27.1a)

1 2 1 2
L=5 [(CeD2-CeC]=5[BD2-B+B], (27.1b)
J2=1;=det C=detB, (27.1¢)

it follows that for an isotropic elastic material the strain energy X can be an arbitrary

function of the invariants I,1,,J
=% {,L,)) . (27.2)
Furthermore, from (27.1) we may deduce that
° ° ° ° ° 1 °
[[=1+C ,L=[ (CeDI-C]eC ,J=JI+D=5JC'eC. (27.3abc)

Thus, (25.14) and (25.13) yield

X X X X q
S =2p, 3—11+(C-I)3—12 I-2p, T2 C+pglar|IC, (27.4a)
|| 9% X 9| s X
T =2pyJ~ ot * BeI L, B -2pyJ” aL, B +py| 37| I- (27.4b)

Also, with the help of (18.17) and (18.18) we may deduce that the pressure p, the deviator

T', and the tensor S' are given by

2 [oz Iz 2 ez, 23
p=-3pyf!|ar, + BD 3L |B1+3pyJ~! | 3L, | B2 I-po A7) - (27.5a)

0 ) 1 |
S'=2pO 3—11+(C-I)3—12 [I—g(C-I)C‘}

9z 1
-2p, {a_lj [C ~3(C%1) c—l} : (27.5b)
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T =2p,J°! 9z 1?.-1E B—lB-II
Pol™" | a1, + B D 3L, 3B

1 0 2 1 2
- 2pgl” 3_12 [B -3 (B0 I} . (27.5¢)
Notice from (27.5a) that all three invariants I;,1,,J contribute to the determination of

the pressure. This is because the invariants I; and I, are not pure measures of distortional

deformation. However, recalling from (7.23) that C' is a pure measure of distortional
deformation [ det C'=1 ] it follows that C' has only two nontrivial invariants which can be

written in the forms
=C'*I=B"I, 0,=C'C'=B'*B'. (27.6a,b)
where B' is the distortional part of B defined by
B =J23B, detB'=1 . (27.7a,b)
Thus, a general isotropic elastic material can be characterized by the alternative

assumption that the strain energy function X depends on the invariants {o;,0,,,J} in stead

of on {I;,1,,J} so that

A
T =3 (0,0,.)) . (27.8)

Now in order to determine expressions similar to (27.5) associated with the assumption

(27.8) we note that

[ 1 [
o, =123 [I—g(c-l) c—l} «C , (27.92)

[ 1 [
o, =2J43 [C -3(C%e1) c—l} «C . (27.9b)

Then, using these results we have

82
P==PpaJ > (27.10a)

S'=21%3p {3“1} 1 3(C-I)C}

9z
+4 14/390{372} [C —§(C2 3 c—l} : (27.10b)
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A
9z 1
T =228 J‘l{—} [B——(B-I)I}
Po do, 3

A

0z 1
44 43 PoJ_l LT(J [Bz ~3 (B2e1) 1} . (27.10¢)

Now, notice that the pressure is related to the derivative of X with respect to the dilatation

J and the deviatoric stress T' is related to derivatives of X with respect to the distortional

measures of deformation o and o, but also depends on the dilatation J. However, this

A
does not mean that the pressure is independent of (0;,0,,) because the derivative X /dJ

may retain dependence on (0,0,).

Significant advances in the theory of finite elasticity were made studying the response
of natural rubber and modeling the material by a Neo-Hookean strain energy
PppX=C, (I;-3), (27.11)
or a Mooney-Rivlin strain energy
PpX=C, (;-3)+C, 1, -3) , (27.12)
where C; and C, are material constants. Also, in these studies rubber was modeled as an
incompressible material using the constraint that
J=1. (27.11)
In general for a constrained theory the stress T is separated additively into a part '/I\‘
determined by constitutive equations of the type (27.5) or (27.10) and another part T,
called a constraint response which is assumed to do not work and is determined by the

equations of motion and boundary conditions. Thus, in a constrained theory the Cauchy

stress T is given by

A — —
T=T+T , TeD=0. (27.12a,b)
For the specific case of incompressibility it may be shown that the constraint response

becomes

T=-pI. (27.13)
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Consequently, since p is not determined by a constitutive equation the total pressure p is

also not determined by a constitutive equation.
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28. Linear Elastic Material

For a linear elastic material the stress S is a linear function of the strain E.
Consequently, from the result (25.14) we observe that the strain energy is a quadratic
function of the strain E. For example, let K be a constant fourth order tensor that

characterizes the elastic properties of the material such that the strain energy is defined by
1

PppX=7 K (E®E) . (28.1)

It follows from (28.1) that since the strain E is symmetric and the fourth order tensor

E®E is symmetric [ (E®E)T? = LT@(EQE) = (E®E) |, the tensor K has the following

symmetries
K=K'=LTK=K™® | (28.2)
Thus, it follows from (25.14), (28.1), and (28.2) that

0x
S=pygE =K°*E . (28.3)
Letting E,5, Spog » Kaogcp be the Cartesian components of E, S, K, respectively,

equations (28.1),(28.2) and (28.3) may be written in the component forms

1
Po Z =2 Kapcep Eag Ecp > (28.4a)
Kagcp = Kaspe = Kgacp = Kepas - (28.4b)
Sap =Kynep Ecp - (28.4¢)

Material symmetry considerations of the functional form (28.1) define a group of

orthogonal transformations H for which
K+ (E®E)=K+H'EH ® H'EH) , (28.52)
Kascp Ea Ecp = Kvnrs HamEapHpn) (HerEcpHps) (28.5b)
However, since (28.5b) must be valid for arbitrary values of the strain E,p and since
Kapcp and H, g are independent of the strain we deduce that
Kagcp = Ham Hpn Her Hps Kvings (28.6)

In the following we consider four Cases of materials:

Case I (General Anisotropic): If the material posseses no symmetry then the symmetry

group consists only of H=I and the 81 constants K,gcp are restricted only by the
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symmetries (28.2) and the number of independent constants reduces to 21 which are
given by
K K Kypiz Kygo Kypos Kygszs Koo

K213 Koo Kooz Kyozz Kyziz Kizon Kz (28.7)
K333 Koo Konps Kiosz Kosps Kisss Kissg

Case II: If the material possesses symmetry about the X;=0 plane then we may take

100
HAB=(8 é _OJ : (28.8)
so that from (28.6) and (28.7) it follows that any component in which the index 3 appears
an odd number of times must vanish

K113 = K103 = K213 = Kyop3 = Ky3p0 = K333 = Kppp3 = Kp333=0 . (28.9)

Thus, the remaining 13 independent constants are given by

(Knn K K Kizs Ko Ky Kms)

K13 Kizos Kooy Koosz Kosps Kiass (28.10)

Case III: If the material possesses symmetry about the X;=0 and X,=0 planes then in

addition to (28.8) we may take

1 00
HAB=(8 —01 ?j : (28.11)
so that from (28.6) and (28.10) it follows that any component in which the index 2
appears an odd number of times must vanish

Ki112 = K220 =Kyp33=Ky353 =0 . (28.12)

Thus, the remaining 9 independent constants are given by

(Knn Ko Kizs Ko Kyzz Kyppp Kzzss)

Ko323 Ki333 (28.13)

Notice from (28.13) that the index 1 only appears an even number of times so that the

material also possesses symmetry about the X;=0 plane. This material is called

orthotropic.

Case 1V: If the material possesses symmetry with respect to the full orthogonal group

then the material is called isotropic with a center of symmetry. Using the results of
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Appendix E it follows that the material is characterized by only two independent

constants A and W, called Lame's constants, such that
K11 = Kpopp = Kya33 = A+ 21, Koy =Kyy33= Kppz3 =4, (28.14ab)
K12 =Ky313=Kyzp3 =1 . (28.14¢)
Thus, the fourth order tensor K may be expressed in the forms
Kagep =A8ap Ocp + U [ 84c Opp + O4p Opc | (28.15a)
K=AIQ®I+u [ e,Qe Qe Qey + e, QeyQey®e,, | . (28.15b)

It follows that the strain energy (28.1) and the stress (28.3) may be written in the forms

1
PoEZ=3 ME*D?+UEE, (28.16a)

S=AEDI+2uE . (28.16b)

Notice that the strain energy (28.16a) is a function of the invariants of E as it should be
for an isotropic material.

In the above we have characterized an elastic material which has a strain energy that
is a quadratic function of strain E and a stress S that is a linear function of strain E. If E
is the exact Lagrangian strain then the formulation is exact and in particular is valid for
large rotations. Of course it represents a special constitutive equation that should be
expected to be reasonably accurate for small values of strain. In order to obtain the fully
linearized theory we restrict the displacement u to be small. This forces the rotations also
to remain small and the strain E to be approximated by the linear strain €.

From physical considerations we expect that any strain should cause an increase in
strain energy. Mathematically, this means that the strain energy function is positive
definite

2>0 forany E#0 . (28.17)

Recalling that the strain E may be separated into its spherical and deviatoric parts

1
E=3(E*I) I+E' , E'*I=0, (28.18a,b)
it follows that the strain energy may be rewritten in the form

1 (3L +2u 5
PoZ=2|"3 JE+D2+uEE . (28.19)
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Since the terms (E ¢ I) and E' * E' are independent of each other we may deduce that the
strain energy will be positive definite whenever

3A+2u>0, u>0 . (28.20a,b)

Finally, we note that an isotropic elastic material can be characterized by any two of

the following material constants: A (Lame's constant); W (shear modulus); E (Young's

modulus); v (Poisson's ratio); or k (bulk modulus), which are related in Table 28.1.

Furthermore, using Table 27.1 it may be shown that the restrictions (28.20) also require

that

1
k>0 ,E>0, -1<v<y . (28.21a,b,c)
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A
H E v Kk
A, H(3A+21) A 3A+2U
A+ 2(A+L) 3
M1=2v) M1+v)(1=2v) M1+v)
AL,V MITY)
2V \Y 3v
" 3(k=\) 9k(k—A) A
’ 2 3k-A 3k—A
E uu-E) E-2u UE
K E-3u 2u 3(3u-E)
2uv 2u(1+v)
H.v 1—2v 21(1+v) 3(1-2v)
| k=2 9ku 3k=2u
K 3 3k+L 2(3k-+)
E L E E
NVl dewa=2y) | 2(14v) 3(12v)
E k| 3KGk-E) 3Ek 3k-E
’ Ok—E 9k 6k
3kv 3k(1-2v)
v,k 1+v 2(1+V) 3k(1-2v)
(E-30)+\ (E=31)%+8\E —(E+x)+\/(E+x)2+8x2
H= 4 : = 40 ’
(BA+E)+\ (3A+E)2—4\E
k= 6

Table 28.1
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29. Viscous and Inviscid Fluids

Within the context of the purely mechanical theory a general viscous fluid is
characterized by the constitutive assumption that the Cauchy stress T is a function of the
dilatation J, the velocity v, and the velocity gradient L. However, for convenience it is
desirable to separate L into its symmetric part D and its skew-symmetric part W and

write

T =T{J, v, D, W). (29.1)
In the following we will use invariance under superposed rigid body motions (SRBM)
to develop restrictions on the functional form (29.1). To this end, recall that since (29.1)

must hold for all motions it must also hold for SRBM so that
T* = T(J*, v¥, D*, W¥) . (29.2)
However, under SRBM the Cauchy stress T transforms by
T+=QTQT , (29.3)
where Q is a proper orthogonal tensor function of time only. Thus, the functional form

(29.1) must satisfy the restrictions

T+, v, D*, W) = QT(J, v, D, W)QT . (29.4)

Recalling that under SRBM
=], vt=¢c +QQx+Qv , Q =QQ , (29.5a,b.¢)
D*=QDQT , W+=QWQT+Q , (29.5d,e)

equation (29.4) becomes

T, ¢ +Q Qx + Qv, QDQT, QWQT + Q) = QT(J, v, D, W)QT . (29.6)

Since (29.6) must hold for all motions we can obtain necessary restrictions on the

functional form T by considering special SRBM. Specifically, consider the simple

SRBM characterized by a superposed rigid body translational velocity for which

¢c20, Q=1,Q=0. (29.7a,b,c)
Substituting (29.7) into (29.6) we have

Td.¢ +v.D, W)=T({, v.D. W) . (29.8)
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However, since we can choose the value of E arbitrarily and the right hand side of (29.8)
is independent of E it follows that the Cauchy stress cannot depend on the velocity v.
Thus, T must be expressed as another function T of J ,D,W only

T=TJ,D,W) , (29.9)
and the restriction (29.6) becomes
T(J, QDQT, QWQ' + Q) =QT(J, D, W)QT . (29.10)

Next consider the special case of rigid body rotation for which at time t we specify

Q=1,Q=Q . (29.11)
Substituting (29.11) into (29.10) we require

T(J, D, W +Q)=T(J, D, W). (29.12)
However, Q can be an arbitrary skew-symmetric tensor and the right hand side of (29.12)
is independent of £ so we may conclude that the Cauchy stress cannot depend on the

spin tensor W. This means that the most general viscous fluid is characterized by the

constitutive equation

=40 +T0.D) . (29.13)

A \'
where T(J) characterizes the elastic response due to dilatation and T(J, D) characterizes

the viscous response. Also, these constitutive equations must satisfy the restrictions that

A A \% \%
T0) =QTMQT , TU, QDQT) = QTJ, D)QT. (29.14a,b)

Reiner-Rivlin Fluid: Since the restrictions (29.14b) must hold for all proper orthogonal

v
Q the function T is called an isotropic tensor function of its argument D. This notion of

an isotropic tensor function should not be confused with the notion of an isotropic tensor

as discussed in appendix E. Furthermore, since the restriction (29.14b) is unaltered by

v
the interchange of Q with —Q it follows that T is a hemotropic function of D (isotropic
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with a center of symmetry). Now, using a result from the theory of invariants it follows

v
that the most general form of T can be expressed as

\'
T=dOI+d1D+d2D2 , (29.15)
where d;,d;,d, are scalar functions of J and the three invariants of D. This functional

form characterizes what is called a Reiner-Rivlin fluid. Moreover, the strain energy is

taken to be a function of the dilatation
=50 . (29.16)

and the elastic stress '/I\‘ and the rate of material dissipation (24.6) are given by
A A A ox v
T =-pM I, pJ)=-py37 - DP=T*D=0, (29.17a,b,c)

v
which places restrictions on the functional form for the viscous stress T.

Newtonian Viscous Fluid: A Newtonian viscous fluid is a special case of a Reiner-Rivlin

\%
fluid in which the viscous stress T is a linear function of the rate of deformation D. For

A\
this case, T reduces to

v
T=ADeDI+2uD, (29.18)

v
where A and W are scalar functions of J only. It follows that T can be rewritten in the

alternative form

A \' \' v
T=-p)I+T , T=—pI+2uD', (29.19a)
1 A A4 A4 1V 2
p=—3Tel=p+p,p=—3Tel=—A+3 W D-I), (29.19b,¢)
] l
D'=D-3MD-D 1 (29.19d)

. . A . v
which shows that the total pressure p has an elastic part p and a viscous part p that
depends on the rate of volume expansion (D ¢ I). Moreover, the rate of material

dissipation (29.17c) is satisfied provided that

113



2
A+3 W=0, u=0. (29.20)

Inviscid Fluid: For an inviscid fluid the Cauchy stress is independent of the rate of

v
deformation D so that T vanishes and the Cauchy stress is given by

T=T0)=-pD)1 . (29.21)

This means for an inviscid fluid the stress vector t always acts normal to the surface on
which it is applied

t=Tn=-pn . (29.22)
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30. Elastic-Plastic Materials

In this section we summarize the main features of constitutive equations which model
the rate-independent elastic-plastic response of a typical metal. A good review of the
linear theory for elastic-plastic materials may be found in an article by Naghdi (1960).
Here, we consider the nonlinear theory and use the strain space formulation of plasticity

which was proposed by Naghdi and Trapp (1975).

Fig. 30.1: (a) Stress-Strain Response Of A Typical Metal To Uniaxial Stress;
(b) Idealization Of The Stress-Strain Response Of A Metal To Uniaxial Stress

Fig. 30.1a shows that stress-strain response of a typical metal to uniaxial stress

loading. The quantity S, is the (11) component of the symmetric Piola-Kirchhoff stress
S and the quantity E, is the (11) component of the Lagrangian strain E. The material is

loaded in tension along the path OABCD, unloaded along DE, reloaded along EFGH,
unloaded along HI, and reloaded in compression along IJKL. Inspection of the points
C.E, and L in Fig. 30.1a reveals that the stress in an elastic-plastic material can have

significantly different values for the same value of strain E;;. This means that the

response of an elastic-plastic material depends on the past history of deformation (i.e. the

responses to the deformation histories OABC, OAB-E, and OAB-L are different).
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The points A,F, and J in Fig. 30.1a represent points on the loading paths beyond
which the stress-strain relationship becomes nonlinear. These points are called the
proportional limits. Although the curve OABCD is nonlinear we cannot determine
whether the response is elastic or elastic-plastic until we considering unloading. Since
the response shown in Fig. 1a does not unload along the same loading path we know that
the response is not elastic but rather is elastic-plastic. Consequently, the points B,G, and
K represent the points on the loading paths beyond which some detectable value of strain
(normally taken to be 0.2%) remains when the material is unloaded to zero stress. These
points are called the yield points and deformation beyond them causes permanent
changes in the response of the material. It is also important to mention that the paths
BCD, GH, and KL represent strain hardening paths where the stress increases with
increasing strain.

To model the material response shown in Fig. 30.1a it is common to separate the
response into two parts: elastic response which is reversible and plastic response which is
irreversible. Also, we idealize the material response as shown in Fig. 30.1b by making
the following assumptions:

(a) There is a distinct yield point that forms the boundary between elastic
and plastic response.
(b) Unloading along DE and and reloading along EF follow the same path.
For the constitutive model we introduce a symmetric positive definite second order

tensor Cp called the plastic deformation, and a scalar measure of work hardening «, both

of which are functions of the material point X and time t. Furthermore, we assume that
the boundary between elastic and plastic response is characterized by a yield function

g(C,Cp,K), which depends on the variables
{C,CP,K}. (30.1)

The yield function is also assumed to be continuously differentiable with respect to its

arguments and at yield it is assumed to satisfy the equation

g(C,Cp,K) =0 . (30.2)

Since g=0 determines the boundary between elastic and plastic response, we can without

loss in generality take g to be negative for elastic response.
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The plastic deformation is specified by a flow rule which is an equation for the rate of

change of plastic deformation of the form

Cp =TA, (30.3)
and the hardening is specified by an evolution equation of the form

x =TK . (30.4)

In (30.3) and (30.4), A is a symmetric tensor, K is a scalar, and both are functions of the

variables (30.1). Also, I' is a scalar function of the variables (30.1) and the rate (.j which

characterizes loading and unloading. To motivate the form for I" we differentiate the

yield function (30.2) to deduce that

¢ =8-Tg . (30.5a)
A0 o — d J
b -lg -C,g=—[a_c&p'A+5§ K] . (30.5b,¢)

Notice that when I" vanishes plastic deformation rate and hardening rate also vanish so

A
the response should be elastic. Under these conditions the sign of g indicates whether

the yield surface tends to grow or shrink. Consequently, when g=0 and the material is at

its elastic-plastic boundary, the sign of § determines whether the material response will
correspond to loading into the plastic region or unloading into the elastic region.
Furthermore, since we require the material response to be rate-independent the scalar I"
must be homogeneous function of order one in the time rate of change of tensors.
Therefore, with this background in mind we specify the loading and unloading

conditions by taking I in the form
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0 during elastic response (g <0)

0 during unloading (g=0and § <0)
r=< . . _ A
0 during neutral loading (g=0and g =0) (30.6¢)
— A A
q I'g during loading (g=0and g>0)

where f is a function of the variables (30.1) which is determined by the consistency

condition that g remains zero during plastic loading. Thus, substituting (30.6d) into
(30.5a) and requiring that during plastic loading g=0 and é =0, we obtain the result that
1

T = (30.7)

0Q

The constitutive equations (30.2)-(30.7) are called rate type constitutive equations

because the evolution of the quantities Cp and K are specified by constitutive equations

for their time rate of change instead of for the variables themselves. As mentioned above,
the specification (30.6d) causes the equations (30.3) and (30.4) to be homogeneous in
time so that the response is to any specified deformation path is insensitive to the rate that

the path is traversed. Also, we mention that Cp and K are assumed to be unaltered by

superposed rigid body motions

C;=Cp , Kt=x, (30.8)
so the quantities {g,A,I', K} are also unaltered by superposed rigid body motions.

There is a general consensus that the constitutive equations (30.2)-(30.4) cannot be
specified totally arbitrarily. However, there is no consensus about the specific form of
appropriate constitutive restrictions.  For example, within the context of the
thermodynamical theory it is necessary to ensure that the elastic response is consistent
with the notion that a strain energy exists and the plastic response is dissipative. Using

the work of Green and Naghdi (1965,1966) it can be shown that for a strain energy

function X of the form
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=2 (C,CP,K) , (30.9)

that the symmetric Piola-Kirchhoff stress S must be related to X by the equation

0
S =2pyaC > (30.10)

and plastic deformation will be dissipative whenever the material dissipation (24.6) is

nonnegative

OE . 0%
D=-p aCP°Cp+aKK >0 . (30.11)

A simple specific set of constitutive equations that is valid for large deformations can

be characterized by the assumptions

O, ) 3
g= —1, 05=72 T-T", (30.12a,b)
3
A= [(C; . C)C - Cp:| , K=m (Z;-% , (30.12¢,d)
2002 =21 + Yy (o, =3) , o = CBI «C', (30.12e,f)

where o, is the Von Mises stress; m, Z,, i, are material constants; and f(J) is a function

of the dilatation J. The specification (30.12c) is consistent with the notion of plastic

incompressibility because
- -1 L = 1o =
I3p = det Cp =1, I3p = 13p Cp C p= 0. (30.13a,b)
Consequently, the scalar o, defined by (30.12f) is a pure measure of elastic distortion.

Also, the functional form (30.12d) indicates that hardening tends to saturate when ¥

attains the value Z,. Now, using (30.10) and (30.11) we obtain

B df
S=—plCl+S , p=—g . (30.14a,b)
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1
S'=p, B [ct-3c-ch ¢, (30.14c)

-1 0X o l -1 —1e-1
D=-1pyac; €, =20 1y GICC;1 T A (30.14d)

Furthermore, introducing a tensorial measure B’ of elastic distortional deformation
B, = F'CBIF'T , detB. =1, (30.15a,b)

the deviatoric part T' of the Cauchy stress and the rate of plastic dissipation become

T =J-! [B'—lB'-I I] 30.16
o IB.-3B.DI] , (30.16a)

-1 0L o L 3 3 Vo | |
D=-1"po3C,* Cp =21 T (Bé.l)(Be°Be)—(Be-I) . (30.16b)

An alternative approach to plasticity has been developed by Eckart (1948) and
Leonov (1976) for elastically isotropic elastic-plastic materials, and by Besseling (1966)
for elastically anisotropic materials. Also, a plasticity theory formulated in terms of
physically based microstructural variables, which is motivated by these previous works,
has been proposed by Rubin (1994). In this alternative approach, there is no need to
introduce a measure of plastic deformation. Instead, attention is focused on the evolution
of an elastic deformation tensor and the effects of plasticity are introduced only through
the rate of relaxation that plasticity causes on the evolution of elastic deformation.

For the simple case of elastically isotropic elastic-plastic response the elastic
deformation is characterized by the scalar measure J of dilatation and a unimodular tensor

B_ which is a measure of elastic distortional deformation. Also, for generality, a measure

of isotropic hardening x is introduced. These quantities are determined by the following

evolution equations
J=IDI, x=TK , (30.17a,b)

hd 2
B,=LB,+B,LT-3(D+DB, -T A (30.17¢)

p 2
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where I' is a scalar to be determined. The scalar function K and tensor Ap require

constitutive equations. First of all it is noted that when I" vanishes the evolution equation
(27.17¢) can be integrated to obtain

B,=B'=FFT, F=J13F . (30.18a,b)
This indicates that B, becomes the usual measure of elastic distortional deformation that

is used in describing isotropic nonlinear elastic materials. This also means that the term

FAP determines the relaxation effects of plasticity on the evolution of elastic

deformation. Moreover, since B, must remain a unimodular tensor it follows that

b e R'—1 _
B.*B. =0, (30.19)
so that Ap must be restricted by the condition
. -1 _
Ap B, =0. (30.20)

Now, the stress response is determined by a strain energy function of the form

T =3(J,0,,0,,K) , o, =B.+1, 0, =B.*B] , (30.21a,b,c)

where o, and o, are the two nontrivial invariants of B.. Using the fact that
&1=2[Bé—%(Bé-I)I]-D—FAp-I : (30.22a)

&2=4[Béz—%(Bézol)I]-D—ZFAP°Bé : (30.22b)

it can be shown that

)
5= a7 1+2 {B'—3(B'-I)I}+4 {1?.'2 3(B'2-I)I}]-D

DY) Y
+T [5-K- {aa 1+2aa BijeA,l. (30.23)

Also, for this theory the Cauchy stress T is given by

B
T=-pI+T , p=—py 37T (30.24a,b)
Zpaa [B, - 3(B'°I)I]+4p [1?.'2 —(B'2-I)I] (30.24c)
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and the rate of dissipation (24.6) due to plastic deformation must satisfy the inequality

)
D= —rp[a K- {—I+28—B'}-Ap]20. (30.25)

In general, the yield surface for rate-independent plasticity is assumed to be a
function of the same variables as the strain energy function

g=g(J,0,0,5,%) . (30.26)

Thus, it can be shown that

g=g-Tg, (30.27a)

0 0 1 d 1
=[15% I+2@&1{Bé—§(Bé-I) 1)+ 4@&2{133—@(33-1) 1}+D, (30.27b)

98 [—&1+2

g=-7.K B ]-A, . (30.27¢)

aoc

Moreover, the yield function is chosen so that é is positive whenever the material state is

at the onset of plasticity g=0

g>0 whenever g=0 . (30.28)
Then, the function I' is determined by the expressions (30.6) and the consistency

condition (30.7).
In particular, notice that the deviatoric stress T' vanishes when the elastic distortional

deformation B equals I. This suggests that the relaxation effects of plasticity cause the
elastic distortional deformation to evolve toward the unity tensor. Thus, the tensor Ap 1s

taken in the form

, 3
A,=B, - [Bg;l I |1, (30.29)

where the coefficient of I has been chosen so that the restriction (30.20) is satisfied.
As a simple special case, the strain energy function X and the rate of hardening
function K are specified by

20,2 =2 D)+ (0, -3) , K =m, (Z, - %) , (30.30)
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where the function f(J) determines the response to dilatation, L, is the positive reference
value of the shear modulus, m is a positive constant controlling the rate of hardening and
7, is the saturated value of hardening. Then, using this strain energy function it follows

that the stress if given by

df ! —1 ! 1 |
p=—qr. T'=11u,[B,-5@B.*DI] , (30.31)

and the restriction (30.25) on the rate of plastic dissipation requires
l -1 l —1 1 —9
D=-Tp=73T"uIeTA, =37y T [Be-I—{Bé_l 1120 . (3032

Since B is a symmetric unimodular tensor it can be shown by expressing it in its spectral

form in terms of its positive eigenvalues {B,, B,, 1/B,B,} that

1
B eI=03,+B,+7 7 =3, 30.33
e By + B, BB, ( a)

1 1
B lel=x+5+ >3, 30.33b
e Bl Bz Blﬁz ( )

so that the dissipation inequality (30.32) is automatically satisfied.

The main advantage of this alternative approach to plasticity theory is that the initial

values of {J, B, K} required to integrate the evolution equations (30.17) can be measured

in the present configuration. This means that all relevant information about the past
history of deformation can be measured in the present state of the material. This is
important from a physical point of view because knowledge of the state of the material in
the present configuration does not reveal sufficient information to determine the value of
plastic strain that has been measured relative to a reference configuration, which itself
cannot be determined in the present configuration. In other words, the initial condition

on plastic deformation Cp required to integrate the evolution equation (30.3) cannot be

determined from knowledge of the present configuration only. This fact causes an
arbitrariness to be introduced into the more classical theory of plasticity that is not

present in this alternative theory.
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Appendix A: Eigenvalues, Eigenvectors, and Principal Invariants of a Tensor
In this appendix we briefly review some basic properties of eigenvalues and

eigenvectors. The vector v is said to be an eigenvector of a real second order symmetric

tensor T with the associated eigenvalue o if

TV=(5V,TijVj=(5Vi. (Ala,b)

It follows that the characteristic equation for determining the three values of the
eigenvalue Gis given by

det (T-o)=-0’+06?l;-cL,+1;=0 , (A2)

where I,1,,I5 are the principal invariants of an arbitrary real tensor T

I(M)=Tel=tvT=T, (A3a)
1 2 T 1 2
LM =7 (TeD*—(T*TH] =7 [(Ty,))° — Ty Tyl - (A3b)
1
I(T) = det T =7 &8, T Ty T - (A3c)

It can be shown that since T is a real symmetric tensor the three roots of the cubic
equation (A2) are real. Also, it can be shown that the three independent eigenvectors v
obtained by solving (A1) can be chosen to form an orthonormal set of vectors.
Recalling that T can be separated into its spherical part T I and its deviatoric part T'
such that
T=TI+T , Tij =T 81j + Tij' , (Adab)

1 1
T=3(TeD =3(T,,) > T*I=T,,=0, (Adc,d)

it follows that when v is an eigenvector of T it is also an eigenvector of T'
Tv=(T-THv=(@0-T)v=0'v , (AS)
with the associated eigenvalue o' related to ¢ by
6=0'+T. (A6)
However since the first principal invariant of T' vanishes we may write the characteristic
equation for ¢' in the form
o2

det (T'—=6T=-(0)} +0'(5)+J3=0, (A7)
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where we have defined the alternative invariants ¢, and J5 by

3
Gg =3 T T =-301(T) , J3=detT' =L,(T) . (A8a,b)
Note that if 6, vanishes then T' vanishes so that from (A7) 6' vanishes and from (A6) it

follows that there is only one distinct eigenvalue
o=T. (A9)

On the other hand, if 6, does not vanish we may divide (A7) by ((56/3)3 to obtain

30" 30’ A
— | -3| < |-2J3=0, (A10)
Ge Ge

A
where the invariant J; is defined by

271,

3 .
20e

A
Jy= (A11)

Since (A10) is in the standard form for a cubic, the solution can be obtained easily using

the trigonometric form

A T T
sin3=-J; , -g <B=<gqg . (A12a)
20, T
6;="3 cos(g +P) . (A12b)
20,
G5 ="73 sin ® . (Al12c)
20, T
6y=-"3 cos(g -B) , (A12d)
where the eigenvalues G,0,,05 are ordered so that
620,203 . (A13)

Once these values have been determined the three values of ¢ may be calculated using

(A6).
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A
Furthermore, we note that the value of 3 or J; may be used to identify three states of

deviatoric stress denoted by: triaxial compression (TXC); torsion (TOR); and triaxial
extension (TXE); and defined by

T A
B=g . Jy=—1, (TXC) ,

(Al4a)

p=0, ?3=0 , (TOR) , (A14b)
T A

B=-6,J3=1, (TXE) . (Al4c)
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Appendix B: Consequences of Continuity

A function ¢(x,t) 1s said to be continuous with respect to position X in a region R if for
every y in R and every € >0 there exists a & >0 such that
 d(x,t) — O(y,t) | <€ whenever Ix—-yl<d . (B1)

Theorem: If ¢p(x,t) is continuous in R and
J- p 0dv=0, (B2)

for every part P in R, then the necessary and sufficient condition for the validity of (B1)

is that ¢ vanishes at every point in R
»=0 in R . (B3)

Proof (Sufficiency): If ¢=0 in R then (B2) is trivially satisfied.

Proof (Necessity): (Proof by contradiction). Suppose that a point y in R exits for which

¢(y,t)>0. Then, by continuity of ¢ there exists a region Pg defined by the delta sphere

such that

 o(x,t) — O(y,0) | <% O(y,t) whenever Ix-yl<3d . (B4)

Alternatively, (B4) may be written as
1 1
-5 O(y.,t) < O(x,t) —d(y.,t) <3 O(y,t) whenever Ix—-yl<3d , (B5a)

% o(y,t) < d(x,t) <% O(y,t) whenever Ix-yl<3d . (B5b)

Since the volume Vg of the region Py is positive

V= JPS dv>0 . (B6)

it follows from (B5b) and (B6) that

1 1
Jo 000>, 3000 av=3 oo vg>0 | B7)
o o
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which contradicts the condition (B2) so that ¢ in R cannot be positive. Similarly, we

realize that if ¢(y,t)<0, then by continuity of ¢ there exists a region Pg defined by the

delta sphere such that

[ o(x,t) — d(y,0) | < —% o(y,t) whenever Ix—-yl<3d , (B8a)
% O(y,t) < d(x,t) — d(y,t) < —% O(y,t) whenever Ix-yl<d , (B8b)

3 1
7 O(y.t) < 0(x,t) <7 O(y,t) whenever Ix-yl<9d . (B8c)

Hence,
J‘ J‘ 1 1
p 0dv < p 20(y,t) dv=7 o(y,t) Vg <0 , (B9)
5 5

which contradicts the condition (B2) so that ¢ in R cannot be negative. Combining the
results of (B7) and (B9) we deduce that ¢ must vanish at each point of R, which proves

the necessity of (B3).
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Appendix C: Lagrange Multipliers
Special Case: Let f=f(x;,X,,X3) be a real valued function of the three variables x; and

assume that f is continuously differentiable. We say that f has a stationary value

(extrememum) at the point x, if

ofF of o of
df=aXl dx; + X, dx, + %5 dx3=0 at x; . (CD

If the variables x; are independent of each other then from (C1) we may conclude that

of of of
E=@=3—X3=O at X, . (C2)

Let us now consider the problem of finding the points x, which make f stationary and
which satisfy the constraint condition that
0(x1X5:%3) =0 . (C3)

In other words, from the set of all points which satisfy the constraint (C3) we search for

those x, which also make f stationary. To this end, we differentiate (C3) along paths on

the constraint surface to obtain
J0 J0 J0
do = 3X1 dx1 + 8X2 dx2 + 8x3 dx3 =0 . (C4

The condition for f to be stationary is again given by (C1) but now we can no longer

conclude the results (C2) because x; are dependent and must satisfy (C3).

The method of Lagrange multipliers suggests that we multiply (C4) by an arbitrary

scalar A and then subtract the result from (C1) to obtain

of a0 of a0 of 00
(E_ ka—xljdxl + (@— ka—xzjdxz + (@— ka—xs dx;=0 at x;. (C5)
In order for the constraint (C3) to be active we require that at each point at least one of

the partial derivatives d¢/dx; # 0. For simplicity we assume that

d
a_)ith . (C6)

Next we can choose A so that the coefficient of dx5 in (C5) vanishes
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a_x37“ =0x; (C7)
so that equation (C5) reduces to
of 90 of 90
(E_ka_xljdxl-k (@‘ké_xljdxzﬂ) at X . (C8)

Now since d0/0x;#0 we can choose dx5 so that equation (C4) is satisfied for arbitrary
choice of dx, and dx,. Hence, the values of dx; and dx, may be specified independently
in (C8) so we may conclude that

of fol0)
a_xi=7‘a_xi atx, , (C9)

where we have also used the specification (C7). In summary, we say that of all the points
satisfying the constraint (C3), the ones that correspond to stationary values of f are the

ones for which x, and A are determined by the four equations (C3) and (C9).

Another way of examining the same problem is to write the function f and the

constraint ¢ in the forms
f=1(xX3) , 0=0(Xy.X3) =0, (C10a,b)
where a Greek index is assumed to take only the values 1,2. Since d¢/dx5#0, the implicit
function theorem states that a function g(x,) exists such that when x; = g(x,) the
constraint (C10b) is satisfied
d)(xa,g(xa)) =0 for all Xe - (C11)
Substituting the value x;=g(x,) into (Cl0a) we obtain a function of x, only which

determines the value of f only for those points that satisfy the constraint condition (C10b)
£=1(x,» 2X) - (C12)
Since x, are independent variables in (C12) it follows that the stationary values are

determined by the equation

of  of 9
df=(m+a—xsg%)dxa=0 . (C13)

Thus, for stationary points
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of  of dg

axa =- 8x3 axa . (C14)

However, since the constraint (C10b) is satisfied for all values of x , we have

a o 9 ) 99 ), (99

Substituting (C15b) into (C14) we obtain

ot at

of X3 | 90 a0 9x3

0Xy = 90 0Xy = A X, A= a0 | (Cl6a,b)
dX3 0X3

so that the conditions (C14) and (C16a) may be summarized by the conditions

of fol0)
a—xi=ka—xi , (C17)

which are seen to be the same conditions as (C9). Note that geometrically this means that
the gradient of f is parallel to the gradient of ¢ at a stationary point of f which satisfies the
constraint (C3).

General Case: For the general case let f be a real valued function of m+n variables

f= f(xi,yj) , 1=1,2,..m , j=1,2,...n (C18)
and consider n constraint equations of the form

0 =0, (xpy) =0 r=12,..n . (C19)
Furthermore, assume that f and ¢, are continuously differentiable and that all the

constraints ¢ are active so that

90,
det dy. #0 r=12,...n . (C20)
J

Now form the auxiliary function h defined by

h=f-A 0, . (c21)
where A are scalars called Lagrange multipliers that are independent of x; and Y and

summation is implied over the repeated index r. The method of Lagrange multipliers
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suggests that the points which satisfy the n constraints (C19) and which make the

function f stationary are determined by solving the m+n equations

oh of _ 99,
ax; = ox; ~ M ox, =0 i=1.2,.m (C22a)
oh of _ 99,
ayJ = ayJ — }\‘r ayJ =0 J=1,2,...,I’l , (C22b)

together with the n constraints (C19) for the m+2n unknowns x, Yip A.. This method

produces a necessary condition for f to have a stationary value. However, each stationary
point must be checked individually to determine if it is a maximum, minimum or point of

inflection.
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Appendix D: Stationary Values of Normal And Shear Stresses

Stationary Values of Normal Stress:Letting Tij be the components of the Cauchy stress T

relative to a fixed rectangular Cartesian coordinate system, recall that the normal stress

acting on the plane defined by the unit outward normal n; is given by

6=t°n=T°(n®n)=Tijninj. (D1)

For a given value of stress Tij at a point we want to find the planes n; for which o is
stationary. Since n is a unit vector we require n; to satisfy the constraint equation
¢=njnj—1=0. (D2)

Using the method of Lagrange multipliers described in Appendix C we form the function

h
h=0—k¢=Tijninj—7u(njnj—1) 5 (D3)

and solve for n; and A using the constraint (D2) and the three equations

dh
an, =2(Tkj—k8kj) nj=0 ) (D4)

It follows from (D2) and (D4) that the stationary values of ¢ occur when
Tn=An,nen=1. (D5a,b)
This means that ¢ attains its stationary values on the three planes that are defined by n

parallel to the principal directions of the stress tensor T. The associated stationary values

of o are the principal values of the stress tensor T. Since T is a real and symmetric tensor

these principal values and directions are real so the principal values o; may be ordered
with

G, 20,205 . (D6)

For later convenience we take the base vectors p; of the Cartesian coordinate system

to be parallel to the principal directions of T so that T may be represented in the diagonal

form
6, 0 0
03
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It then follows that for this choice and a arbitrary value of n we have

t=Tn=06,n,p; +0,n, p, + G333 , (D8a)
— 2 2 2
G(nj) =0, n;“+0,n,"+ 03103 . (D8b)

Thus, from (D6) and (D8b) we may deduce that

_ 2 2 2y > 2 2 2 _ (n.
6, =0,(n;” +ny,” +n3“) 2G| n;“ + 0, n,“ + Gy Ny G(HJ) , (D9a)
o(n) = 6y 0> + 0, ny? + 0312 2 03(n* + 1y + 1Y) =05 (D9b)
G,z o(nj) =2 0;3. (D9c¢)

This means that the normal stress G assumes its maximum value 6, on the plane defined
by the principal direction p; and its minimum value on the plane defined by the principal
direction p;. The value 0, is called a minimax and is assumed by ¢ on the plane defined
by the principal direction p,.

Stationary Values of Shear Stress: Recalling that the shear stress t, with magnitude T is

defined such that
t,=t—(tem)n , =t et =tet-o’, (D10a,b)
we may use the representation (D8) to deduce that
1 =06,2n,2+ 0,202 + 652 n;2 - (0, ;% + 6, n,> + 63 n32)% . (D11)
In order to determine stationary values of T subject to the constraint (D2) we use the
method of Lagrange multipliers and form the function h
h=1-Amn-1) . (D12)

Then the stationary values are found by solving the constraint (D2) and the three

equations
oh 2 2 2 2
an, =2n,[6,"-20,(0;n;*+0,n,"+03n;)-A]=0, (D13a)
oh 2 2 2 2
an, =2n, [ 6,°-20,(0;n;*+0,n,"+0303) -1 ]=0, (D13b)
oh 2 2 2 2
an, =2n; [ 6;°-205(0;n;*+0,n,"+0303°) —A]=0 . (D13c¢)
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One solution of (D2) and (D13) is given by

n=+p, ,1=0, 0=0;, (D14a)
n=+p, ,1=0, 0=0, , (D14b)
n=tp;,1=0,0=03. (D14c¢)

Hence, the shear stress T assumes its absolute minimum value of zero on the planes
whose normals are in the principal directions of stress. Furthermore, we note that on

these same planes the normal stress G assumes its stationary values. A second solution of

(D2) and (D13) is given by

1 G, — O3 0, + 05

n=t\/—§(pltp3) ,T=">2  ,0="73 , (D15a)
1 6, -0, 0, +0,

n=t@(pltp2) ,T=">2 ,0="73 , (D15b)
1 0, — 03 0, + 05

n=-@(pzip3) , T="7 ,0=""7 . (D15c¢)

Note that the maximum value of shear stress is equal to one half the difference of the
maximum and minimum values of normal stress and it occurs on the plane whose normal
bisects the angle between the normals to the planes of maximum and minimum normal

stress.

136



Appendix E: Isotropic Tensors

Let e, and ¢/ be two sets of orthonormal base vectors that are connected by the

orthogonal transformation A

A=e ®e (Ela)

m 2

Aij =Ae (ei ® eJ) = ei . ej , A;] =Ae (e; ®eJ') = ei . ej . (Elb,c)

Furthermore, let T be a tensor of any order whose components referred to e; are Tij"'m

and whose components referred to e} are Tij"'m' Since T is a tensor, its components

\ . .
Tij"'m and Tij"'m are connected by the transformation relations

T = ApAe A T - (E2)

ir' Yjs

Isotropic Tensor: A tensor is said to be isotropic if its components relative to any two

right-handed orthonormal coordinate systems are equal. Mathematically, this means that
Tjjom = Tijom » (E3)

holds for all proper orthogonal transformations A (det A = + 1). If (E3) holds for all

orthogonal transformation (i.e. including those with det A = — 1) then the tensor is said to

be isotropic with a center of symmetry.

Zero Order Isotropic Tensor: By definition, scalar invariants satisfy the restriction (E3)

so they are zero order isotropic tensors.
First Order Isotropic Tensor: The only first order isotropic tensor is the zero vector

T, =0 . (E4)

Proof: For a first order tensor (E2) becomes

T, =A,T, . (ES)
Taking Aij to be
-1 00 1 0 0
Aij=(8 -1 ?j and Aij=(8 _01 —Olj , (E6a,b)
we obtain the restrictions
T,=-T,, T,=-T, , T;=-Ty, (E7a,b,c)

so that the only solution is (E4).
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Second Order Isotropic Tensor: The most general second order isotropic tensor has the

form
where A is a scalar invariant.

Proof: For a second order tensor (E2) becomes

Tij =AirAjsTrs : (E9)
Taking Aij to be
001
A.={ 100} E10
i (o 1 oj (E10)
we obtain the restrictions
Ty, Typ Ty3 T35 T3y Ty
Tyy Ty Toz | 2| Ty Ty Typ | (E11)
T3 T3y Tss Ty)3 Ty Ty,
Also, taking Aij to be
0 0 -1
A.=|-100 | E12
i (o 1 oj (E12)
we obtain the additional restrictions
T, Typ Ty3 Ty T3y Ty
Tyy Ty Tos | 2| Ty Ty Ty | . (E13)
T3 T3y Tiy Ty)3 Ty Ty,

Thus, from (E11) and (E13) we have
T, =T,,=T;33=A , all other Tij =0, (El4a,b)
which may be rewritten in the form (ES).

Third Order Isotropic Tensor: The most general third order isotropic tensor has the form

Tij = A g (E15)

where A is a scalar invariant.

Proof: For a third order tensor (E2) becomes

T = A, A AT

1
ij ir' s

(E16)

st -

Denoting Tijk by

138



Tiir Tia Tis Tiop Tioo Thos Tiap Tizp Tyas
Ty = Torr Tarn Torz Toor Toop Tooz Tozp Tozp Tozz | | (E17)
T3y T31n T313 Tspp Tspp Tspz Tazp Tazp Tass

and specifying Aij by (E10) we obtain
T333 Ta31 Ts3p T35 T3y Tspp Tapz Tapp Tapp

Ty = Ty33 Tizr Tiz2 Tz Tian Triz Tios Tior Thao | (E18)
Ty33 Trz1 Torzn Toyz Toyp Togn Tons Topp Topp

Also, specifying Aij by (E12) we obtain
—T333 —Ts31 T33p —T313 —T3yp T3pn Tapz Ty —Tspp

Ty = “Ti3s ~Tiar T2 Tz =T Tz Tz T ~Ti2 | L (E19)
Trzz Tor3p —Tozp Toiz Topp —Topn —Thoz Ty —Top

Then, using (E17)-(E19) we deduce that

00 0 0 0Tjy 0 T30

Tie= Ty, 0 Ty 0 0 0 0 0
Tio3=T31p =Ty » Ty3p =Tz =Tyy3 - (E20b,c)
Next we specify Aij by
0 01
w9 58] e
to deduce that
Tio3=-Tsy (E22)

Thus, Tijk may be rewritten in the form (E15).

Fourth Order Isotropic Tensor: The most general fourth order isotropic tensor has the

form

Tijg = 855 8y + 1 &y 0y + 7 8y Oy (E23)

where A, |, v, are scalar invariants.

Proof: For a fourth order tensor (E2) becomes

Tij = ArAjA AT (E24)

1 ]S rstu °
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By specifying Aij in the forms (E6a,b) it can be shown that the 81 components of Tijkl

reduce to only 21 nonzero components which are denoted by Tijkl with

Tiin Tiioa Tiss Thiaie Thon
Tr112 Torar Toanr Tz Topas
T3113 T3131 T303 Tan3p Taapg

Tija =
Specifying Aij by (E10) we obtain the restrictions
T3333 T3311 T332 T3131 T3113

Ti331 Tiz13 Tz T Trie
Tr330 Trza3 Tor1a Tor21 Tozss

Tija =

Also, specifying Aij by

we obtain the additional restrictions

T3333 T3300 T3311 Tsp3n Tapos
Tij = Tr330 Torza3 Toaszs Tonon Tonpg
Ti331 Ti313 Tioo1 Ti212 Thiss

Then, from (E25),(E26) and (E28) we have

Ty =T =Ts333

T35
T)303
T335,

T3)3,
Tio1n
Ty

T35
Ty101
T2

T)33;
T)33,
T3333

T303
Ti20)
Tyro

T35
Tr112
Ty

T1120=Ta311 =T33 = Ta300 = Top11 = Ty133 =2

T1010=T3311 = Ta303 = Tapzp = Thyp =T33 =1,

Ti331 = Tapp3 =T 120 = T3y 13 =T33, = T =7 -

Next, specifying Aij by

IN2 1A2 0
Ay=| —1N2 1N2 0
0o 0 1

we obtain

Ty =AAAALT

2

rstu

(E25)

(E26)

(E27)

(E28)

(E29a)
(E29b)
(E29¢)

(E29d)

(E30)

(E31a)

1
T =a @+ T+ o+ Ty + Ty p + Topng + Tongp + Thppp) » (E31b)
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so that using (E29) and (E31) we may deduce that
Tii11= T = Tz = A+ 1+ (E32)
Thus, with the help of (E29) and (E32) we may rewrite Tijkl in the form (E23). Notice
that Tijkl in (E23) automatically has the symmetries
Tipg =Ty » TP =T . (E33a,b)
Special Case: As a special case, if we further restrict the isotropic tensor Tijkl to be

symmetric in its first two indices

Tyt = T » 'T=T , (E34a,b)
then we may deduce that
T=H, (E35)
so that Tijkl becomes
Tijg = A 855 Oy + 1 (5 85 + 8;85,) - (E36)

Then it can be seen from (E36) that Tijkl has the additional symmetries

— T _
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HOMEWORK PROBLEM SETS
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PROBLEM SET 1

Problem 1.1: Expand the following equations for an index range of three:

(a) a; + bi =c; ,
(c) I= CiXi X
(d) o= Ajj Bkk ;
(e) A=A A..

(f) How many distinct equations are there in cases (a), (b), (c), respectively?

(g) How many terms are there on the right-hand sides of (c¢) and (d)?

Problem 1.2: Expand and simplify the following expressions:

(a) 81] CH

(b) O X X;

(c) A X X with a;; =ay (symmetric)

(d) A X X with a; = — aj; (skew-symmetric) ,
(e) -p;n

1JJ

Problem 1.3: Verify the identities

(a) 811 =3,
(b) 5, 8= 8,
(C) 81] aJk = alk .

Problem 1.4: Letting a comma denote partial differentiation with respect to position

such that

of
=ax; - (P1.4)

(a) Verify that Xppi 8
(b) Using the result of part (a) write a simplified indicial expression for (x; Xi)’j .
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(c) Using the result of part (a) write a simplified indicial expression for (x; Xi)’jj .

Problem 1.5: Simplify the following expression without expanding the indices

(35 + ¢ip) (B + ) — By —

1

mn Smj Cnk - (P1.5)
Problem 1.6: Let A be a second order tensor with components Aij which is represented
by

A= Aij ei®ej . (P1.6a)
Using the formula (3.27b) show that the components Ag of AT are given by

Al =AT+(e®e)=A; . (P1.6b)

Problem 1.7: Let A and B be second order tensors with components Aij and Bij’

respectively. Using the representation

AB=A._B .e®e. , (P1.7a)

im-mj 1]
Prove that
(AB)T = BTAT . (P1.7b)

Problem 1.8: Using (3.31) prove the validity of (3.32).
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PROBLEM SET 2
Problem 2.1: Let

1 1
Agy =2 Ay +Ap o Ay =2 (A -4y (P2.1a.b)
(a) Demonstrate that A(ij) is symmetric and hence A(ij) = A(ji)'

(b) Demonstrate that A[ is skew-symmetric and hence A[-- =— A[ji]'

ij] i

(c) Show that an arbitrary square array Aij can always be expressed as the sum of its

symmetric and skew-symmetric parts, i.e.,

(d) With the help of (P2.1a,b) above show that
Aji=Agj) - (P2.1d)
(e) Given arbitrary square arrays Aij and Bij’ show that
M Adj By =Adp By - () Ay By = Ay By » (P2.1e.f)

Problem 2.2: Suppose that Bij is skew-symmetric and Aij is symmetric. Show that

A;;B;=0 . (P2.2)

Problem 2.3: Let T be a third order tensor and let a, b, ¢ be arbitrary vectors. Prove that

T e (a®b®c)=ac* [T ¢ (b®c)] =[(a®b) * T]* ¢ =(a®b®c)* T . (P2.3)

Problem 2.4: Using (P2.3) and the definition (3.34) of the permutation tensor € show
that the components of € are given by
€ (ei®ej®ek) =€ Xe e =gy . (P2.4)
Problem 2.5: Using the properties (3.34) and (3.36) of the permutation tensor € and the
result (P2.3) with T replaced by €, prove the permutation property of the scalar triple
product of three vectors
g+ (a®b®c)=asbxc=axbec. (P2.5)
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Problem 2.6: Let a and b be two vectors and define ¢ by the vector product
c=axb . (P2.6a)
(a) Show that when a and b are referred to the rectangular Cartesian basis e; then the
components c; of ¢ are related to the components a;, b; of a and b, respectively, by the
expression
C; = &y b, . (P2.6b)
(b) What is the indicial counterpart of the vector product a X a = 0? (Show your

work).

Problem 2.7: Let a, b, ¢ be three vectors and recall that the vector triple product may be
expanded in the form

ax(bxc)=(aec)b-(a*b)c . (P2.7a)

Using this result and the properties (3.34) and (3.36) of the permutation tensor € prove

that
(a) [ (ei®ej)] *[ee(e®e)] = €mij Emrs = O, 8js -0, 8jr . (P2.7b)
(b) (e ej) *(ee) = €mij Emis = 2 Sjs . (P2.7¢)
(c) €€ =€ ;€= 6 . (P2.7d)
Problem 2.8: Prove that for an arbitrary vector a
ge(ea)=2a . (P2.8)
Problem 2.9: Show that
el=—g Llg=_¢g LTeh=¢ . (P2.9a,b)

Problem 2.10: Let W be a second order tensor defined by the vector @ through the
equation
W=-¢c® . (P2.10a)
(a) Using (3.17) and (P2.9b) show that W is a skew-symmetric tensor
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wWi=_w . (P2.10b)
(b) Using (3.34) and (P2.10a) show that for an arbitrary vector a
Wa=m®Xxa . (P2.10¢)

(c) Using (P2.8) show that (P2.10a) may be solved for @ to obtain

1
Ww=-5 e¢*W. (P2.104d)

Note that o is called the axial vector of the skew-symmetric tensor W.
Problem 2.11: Prove the validity of (3.44).

Problem 2.12: Let T be a second order tensor. Determine the restrictions on the

components Tij of T imposed by the vector equation

e; X Tej =0 . (P2.12)

Problem 2.13: Prove the validity of (4.12a,b,c,d).

Problem 2.14: Let v and w be vectors and A and B be second order tensors. Prove that

Av)*Bw)=ve (ATBw)=BTAv)ew . (P2.14)

Problem 2.15: Recall that the determinant det T of the second order tensor T with

components Tij may be expressed in the form

1

det T=5 & & Ty Ty Ty - (P2.152)

TSt Tir~js

Prove that the determinant of T may also be expressed in the form

1
detT=g (TXT)*T . (P2.15b)

Problem 2.16: Let L be a second order tensor with components Lij and let s be a vector
with components s;.

(a) Show that
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L°(s®s)=S°Ls=siLijsj. (P2.16a)
(b) Let W be a skew-symmetric second order tensor with components Wij' Show that

We(s®s)=0 . (P2.16b)
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PROBLEM SET 3
Problem 3.1: Let T' be the deviatoric part of a symmetric second order tensor T and

define the scalar 6, by the formula

G2=3T+T ,T=T-5(T+D1I. (P3.1a,b)
(a) Write an expression for (52 in terms of T.
(b) Expand this expression in terms of the rectangular Cartesian components Tij of T

to deduce that

1
02 =73 (T}, = Typ)? +(T|; —Ta3)? + (T, ~ T3 + 3 [TS + T + T 1. (P3.1b)

Problem 3.2: Using (5.4) the transformation tensor A may be expressed in the form

A= Aij ei®ej . (P3.2a)
Show that the component forms of the orthogonality conditions
AAT=1, ATA=T, (P3.2b,c)
may be written in the forms, respectively,
AimAjm = 81j , AmiAmj = 81j . (P3.2d,e)

Problem 3.3: Define the base vectors €} by

1 1
€ =—@ € +\/—§e3 , (P3.3a)
1 1 1
e =7 € +2 ©2t2 & (P3.3b)
' 1 1 1
G ="2¢6+p %28, (P3.3¢)

Calculate the components of Aij and show that A satisfies the orthogonality condition

(P3.2b).

Problem 3.4: Letv,=e,*vand v, =e} v be the components of the vector v such that

v,=A .v! vi =AYy - (P3.4a,b)

i mi '‘'m ° im 'm
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Prove that
V. V.=V VI, (P3.4¢)

which verifies that v ¢ v is a scalar invariant.

Problem 3.5: Let Tij be the components of a second order tensor T referred to the
Cartesian base vectors e; and let Ti'j be the components of the same tensor referred to
another set of Cartesian base vectors €; . Prove that

T, =T , TijTij = Ti'j Ti'j , (P3.5a,b)
which verifies that the trace of T (denoted by tr T =T ¢ I) and the magnitude squared T

T are scalar invariants.

Problem 3.6: Let ¢(x) be a scalar function and u(x) be a vector function of position x.
Obtain the indicial counterparts of

curl (grad ¢) =0 , div (curlu) =0 . (P3.6a,b)

Problem 3.7: Recalling the divergence theorem in the form (3.46) show that

J-aPX'llda=3V, (P3.7)
where v is the volume of the region P and x is the position vector of a point in P.

Problem 3.8: Let v be a vector and T be a second order tensor and use the divergence

theorem (3.46) to show that

J-aPV'Tllda=J-P(aV/aX'T+V'diVT)dV . (P3.8a)

As a special case take v to be the position vector and show that

J-aPX'Tnda=J-P(I'T+X'diVT)dV. (P3.8a)

Problem 3.9: Let X, and x; be the Cartesian components of X and x, respectively.

Consider the motion defined by
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Xy =X, cos0 + X, sin0 , x5 =-X, sin@ + X, cosh , x3=X5 , (P3.9a,b,c)
where O(t) is a function of time only.
(a) Calculate the inverse mapping (i.e. express X, in terms of x; and ).

(b) Calculate the deformation gradient F and show that
C=FTF=1I. (P3.9d)
(c) Explain the physical meaning of the result (P3.9d).

A
(d) Calculate the Lagrangian representation v,(X 4 ,t) of the velocity.

(e) Calculate the Eulerian representation Vi(xj,t) of the velocity.

(f) Show that the velocity v = v, e, may also be expressed in the form

V=OXX, ®=-0 e; , X=x;€ . (P3.9¢.f,g)
(g) Calculate the components Dij of the deformation tensor D and the components
Wij of the spin tensor W.

(h) Using the Eulerian representation of the velocity developed in part (e) calculate

L]
the components a; = v; of the acceleration a.

(1) Show that the results obtained in part (h) are consistent with the expression

A=V =@ XX+QXV . (P3.9h)
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PROBLEM SET 4
Problem 4.1: Taking the material derivative of (7.17) and using the properties of the

scalar triple product between three vectors, show that

J= (FeyxFe;)+Fe, + (FeyxFe,)+F e, + (Fe,xFe,)+Fe, . (P4.1)

Problem 4.2: Thinking of J=det F as a function of F, the chain rule of differentiation
yields
J = (3J/oF)« F . (P4.2a)
Next, using (7.13) and the result (P4.1), show that
0J/OF =J F~T, (P4.2b)

Problem 4.3: With the help of the results (P4.2a,b) and equation (9.2), show that

J=Jdivv=JLeI=IDeI . (P4.3)

Problem 4.4: Using the chain rule of differentiation we have
(0x/0X) (0X/0x) = ox/ox =1 (P4.4a)
It follows from (P4.4a) and the definition of the deformation gradient F that

F=0x/0X , F1=0X/0x , FF!=1 . (P4.4b.c,d)
Using (9.3a) and taking the material derivative of (P4.4d) show that

oX/ox =F! =—FIL , FT =—LTF T | (P4.4e.f)

Problem 4.5: Let ¢ be a scalar function of position and let Grad ¢ =d¢/0X be the
gradient of ¢ with respect to the reference position X and let grad ¢ = dd/0x be the

gradient of ¢ with respect to the present position X. Using the chain rule of differentiation

and the result (3.28b) show that
00/0X = 8$(X) 10X =FT¢(x) /ox = FT(9¢/dx) . (P4.5a)
Multiplying (P4.5a) by F~T on the left it follows that
30/0x = F~T (3¢/0X) . (P4.5b)
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Problem 4.6: Derive the following formula

GOIOX =00 10X , (B.0) = 000X, =00 /0X,=(6)., .  (P46ab)

Problem 4.7: Using (P4.5b) and (P4.6) derive the following formula

3O/X =30 /ax - LT@0/0%) , () = ()= Vi 05 - (P4.7a,b)

Problem 4.8: Recalling that the material derivative % of the Eulerian representation

?(xi,t) of a function may be expressed in the form

f=—gr— +T(x.0., v (P4.8)

derive the result (P4.7b) directly by setting f=0,;.

Problem 4.9: Consider the deformation characterized by
X=X, , %=X,, x3=X5+k X,2 . (P4.9a,b,c)
(a) Find the inverse mapping.

(b) Calculate the components of C, 5 and ¢ = (B‘l)ij.

(c) Derive the expression for determining the stretch A of a line element dx in the

present configuration in the direction s
1
2 =B7le(s®s) . (P4.9d)

(d) Determine the stretch A of a material line element dx in the present configuration

at the position x and in the direction s where X and s are given by

Xl=(031’1) H Sl=(03% ,%) . (P496,f)

(e) Determine the direction S of the line element dX in the reference configuration

which is associated with the dx at point x in part (d).
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(f) Determine the stretch of the line element dX in the direction S of part (e) using the
formula
A2 =C+(S®S) , (P4.9¢)
and compare your result with that derived in part (d).
Problem 4.10: Recalling from (7.9),(7.34), and (7.20b) that
ds=AdS , nda=JFTNdA , dv=JdV , (P4.10a,b,c)

calculate expressions for

ds/ds, da/da, dv/dv, (P4.10d,e,)
in terms of the rate of deformation tensor D and the direction s. It is important to
emphasize that the direction s of the material line element in the formula for (P4.10d) is
different from the normal n to the material surface in the formula for (P4.10e).

Problem 4.11: Consider the velocity field defined by
Vi=ax, (x% + X%) s Vo ==bx (x% + X%) ,v3=d(x3—ct), (P4.11a,b,c)

where a,b,c,d are constants.

(a) Calculate the components of the acceleration \./i.

(b) Calculate the components of the velocity gradient Lij'

(c) Calculate the components of the rate of deformation tensor Dij'

(d) Calculate the components of the spin tensor Wij'

(e) Does the deformation preserve volume?
Problem 4.12: The velocity field associated with rigid body motion is given by

V=C X (X—0) (P4.12a)

where ¢ and ® are vector functions of time only.

(a) Write the component form of equation (P4.12a).

(b) Calculate the components of the velocity gradient Lij'
(c) Calculate the components of the rate of deformation tensor Dij'
(d) Calculate the components of the spin tensor Wij'

(e) What is the physical meaning of the result in part (c)?
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PROBLEM SET 5
Problem 5.1: Consider the motion described by

;=X (I +asinwt) , x, =X, +bsink(x; —ct) , x3=X5 , (P5.1a,b,)
where a,m,b,k,c are constants. Let X,=X;=0 define a string (material fiber) in space.

(a) Calculate the velocity of the material point on the string which was initially
(t=0) located at X,=L.

(b) Calculate the velocity of the material point on the string which at time t is
located at x;=L.

(c) Calculate the vertical (e, direction) velocity of the string as measured by an

observer fixed at x;=L (i.e. the velocity of the intersection of the string with
the fixed plane x,=L).

Problem 5.2:

Consider a line element dX=SdS in the reference configuration which is mapped to

dx=sds in the present configuration, where S and s are unit vectors and recall that

d
As=FS , A=3% . (P5.2a,b)
(a) Show that

S s+s=Ls (P5.2c)
where L is the velocity gradient.
(b) Also show that

A
%= D¢ (s®s) . (P5.2d)
(c) Use equations (P4.4e) and the chain rule of differentiation to show that
L=0v/ox=avioX F! | L =ov/ox—L2 . (P5.2¢.f)
(d) Differentiating (P5.2¢) show that
A+hses=Lavioxe (s®s) (P5.2¢)
and that
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7\‘ e o L[]
N =Se*S+ Jv/OX * (s®s) . (P5.2h)

Problem 5.3:

Given the velocity field

X,—Ct
v, =¢ 3

X3—Ct

cosmt , v, =¢ sin®t , v3=c=constant , (P5.3a,b,c)

(a) Show that the speed of every particle is constant.

(b) Calculate the acceleration components v;.

(c) Find the logarithmic stretching A/A for a line element which in the present

1
configuration has the direction s = \/_E (e; +e3) atx=0.

Problem 5.4:

Let §(x,t) be a scalar function of position x and time t. Prove the transport theorem
df - * .
aJ-P o(x,t) dv = J-P d+odivv)dyv, (P5.4)

indicating all steps of the proof in detail.

Problem 5.5:
Put ¢=1 in (P5.4) and use the divergence theorem to show that the rate of change of

the volume of the part P is given by

e d
V=aJ-PdV=J-aPV'Hda. (P5.5)

Discuss the physical meaning of the formula (P5.5).

Problem 5.6:

Let 0, = 0, = 05 be the principal values and p,p,,p3 be the unit principal directions

of the Cauchy stress T, so that T admits the representation
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Recall the T may be separated into its spherical part —p I and its deviatoric part T' such

that
T=-pI+T , T'eI=0 . (P5.6b,c)
(a) Show that the pressure p in (P5.6a) is given by
p=—%T'I=—%(61+62+63) . (P5.6d)

(b) Show that the deviatoric stress is given by

T' =0, p;®p, + 0, p,®p, + 03 P;®P;3 . (P5.6e)
' 1
' 1
1
63=03+p=3(-0;-0,+203) . (P5.6h)

(c) The unit normal n to the octahedral plane is defined by
1 .
n =$ (P, +p, +P3) - (P5.61)
Show that the stress vector t acting on the octahedral plane is given by
1 .
t=\/—§ (6;p;+0,p, +03P3) - (P5.6))

(d) In general the stress vector t acting on a plane n admits the representation
t=on+71Ts,oc=ten , (P5.6k,])

t—on
“lt—-onl

T=Ilt—-onl, s (P5.6m,n)

where 6 is the normal component of t, T is the shearing component of t and s is the

direction of shearing on the plane defined by the normal n. Show that for the

octahedral plane

1
c=-p, TS=T'n=\/_§(6ip1+6ép2+6ép3) , (P5.60,p)
L 12 1\2 1\27 1/2
=10 [(01) +(03) +(63)] . (P5.6q)
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Note that in this sense the octahedral plane is special because the normal stress ¢
equals minus the pressure p.
(e) Use (P5.6e) to show that the octahedral shear stress T in (P5.6q) can also be written in

the invariant form

1 12
=5 [T'eT] . (P5.6r)

(f) Use the results in Appendix A to show that the Von Mises stress o, is related to the

octahedral stress T by
3
o, =ﬁ T, (P5.65)
and that a deviatoric state of torsion is characterized by

6y=0 . (P5.6t)

Problem 5.7:

Consider two surfaces S and S' through the same point x in the present configuration
and let n and n' be the normals to these surfaces, respectively. Recall that the stress
vector t(n) acting on the surface shows outward normal is n is related to the symmetric
Cauchy stress T. Show that the component of t(n') along the direction n is equal to the
component of t(n) along the direction n'

tn)en'=tn)en . (P5.7)
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PROBLEM SET 6
Problem 6.1: Let the Cauchy stress T at a point be given by
T=-pI. (P6.1)
(a) Calculate the stress vector t acting on the surface defined by the unit normal n.
(b) Calculate normal component t ® n of this stress vector.

(c) Calculate the shearing stress t, =t — (t * n) n acting on this plane.

Problem 6.2: Let the Cartesian components Tij of the Cauchy stress T referred to the

base vectors e; be given by

o 0 0

Ty=-p&;+Tj; ,Tjy= ¥ 01103 0 |, (P6.2a,b)
0 0 o}

01203 . (P6.2c)

(a) Calculate the stress vector t acting on the octahedral plane defined by
1
n= ﬁ (e; +e,+e3) . (P6.2d)

(b) Show that the normal component t ¢ n of this stress vector is given by
ten=-p . (P6.2¢)

(c) Calculate the shearing stress t, acting on this plane and show that
t.=Tn . (P6.2f)
(d) Calculate an expression for the Von Mises Stress o, in terms of 6; and G3.

(e) Show that the magnitude of t_ is given by

\2

It 1="3" o, . (P6.2g)
(f) Define the base vectors
_ 1 _ 1 )
e1=%(—e1+2e2—e3) , €)= \/_g(e1+e2+e3) , (P6.2h,)
_ 1 )
e = ﬁ (e;—¢€3) . (P6.2))

Show that the shearing stress vector t, may be expressed in the form
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V2 _ _
t.="3 o, (cospe;+sinfe)), (P6.2k)
and derive expressions for cosp and sinf in terms of 6; and 63. Note that [3

defines the angle that the shear stress t, makes with the direction e,

(g) By substituting (A12b,d) into your results of part (f) show that 3 in (P6.2k) is
the same as [ in (A12a).

Problem 6.3: Consider uniaxial strain in the e, direction which is given by

X =x((X) L X=X, , x3=X5 . (P6.3a,b,c)
Letting a=0x,;/dX;, show that for uniaxial strain the components T,; of the Cauchy
stress, I1;; of the nonsymmetric Piola-Kirchhoff stress, and S, of the symmetric Piola-

Kirchhoff stress are related by
T, =I0;;=aS;, . (P6.3d)

Problem 6.4: Consider the deformation given by
xy=aX; , x,=bX, , x3=cXy, (P6.4a,b,c)
where a,b, and c are constants. Assuming that the components of the Cauchy stress Tij
are restricted such that
T,,=T;3=Ty;=0, (P6.4d)
determine expressions for the components II;, and S, of the Piola-Kirchhoff stresses IT

and S.

Problem 6.5: Show that under superposed rigid body motions the shearing component t,
of the stress vector t transforms by

ti=Qt, . (P6.5b)
Problem 6.6: Starting with the assumption (20.16) prove the result (20.17). Be sure to

carefully state the important points in your proof.

160



PROBLEM SET 7
Problem 7.1: Using the relationship (18.18a) between the Cauchy stress T and the
symmetric Piola-Kirchhoff stress S, and the invariance relations (19.16b) prove that S is

trivially invariant (19.17c).

Problem 7.2: Recall that the material derivative of a scalar function ¢(x,t) may be

expressed in the form

ad
0 = a_dt) + J¢p/ox v . (P7.2a)
Also recall that under superposed rigid body motions the material point that is located at

position x at time t moves to the position x* at time t*, such that

xF=xtx,t) =c(t) + Q) x , tT=tT(t)=t+a , (P7.2b,c)
QQT=I,detQ=+1,Q =Q0Q, (P7.2d.e.f)
V+=).(+=E+QQX+QV, (P7.2g)

where a is a constant and ¢ and Q are functions of time only. Consider the function

$+(X+,t+) and think of it as a function of x,t such that
0% = 5* (D) = 0H(xF (D) L 1) = %D (P7.2h)

A A ~
Calculate the partial derivatives d¢p*/dt and ddp*/9x in terms of the function ¢6* and show

that the material derivative of 6™ may be expressed in the form

:+ aL)-F T+t o vt .
0T = FYes + 00T/0XT e VT . (P7.21)

Problem 7.3: Using the linearized form of (23.8¢) for M and the equation C=M? derive
the linerized form (23.8c) for C.

Problem 7.4: Prove that for the linearized theory R given by (23.8g) is an orthogonal

tensor.
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Problem 7.5: Recalling that C'=I§1/ 3C is a pure measure of distortion (det C'=1) we may
define a pure measure of distortional strain G' by
G' =%(C' - . (P7.5a)
Using (23.8c) and (23.13b) show that the linearized form of G' is given by
G'=e'=e—%(e-l) I, (P7.5b)

where here €' is the defined as the deviatoric part of the linear strain €.

Problem 7.6: Taking the inner product of (18.5a) with the velocity v, follow the
derivation in section 24 and show that for the referential description the strain energy X is

related to the mechanical power by

Py T =II+F . (P7.6)

Problem 7.7: Assuming that for an elastic material the strain energy X and the stress I1I

depend on the deformation gradient F and are independent of the rate ﬁ, use (P7.6) to

derive the result that

)
I =p,3F - (P7.7)

Is this form of IT automatically properly invariant under superposed rigid body motions?

Problem 7.8: Given a nonlinear elastic material characterized by the strain energy

function

2ppX=2ky [I—1D)=InJ ] +py (o, -3) , (P7.8a)
J=detF=1}2, o, =123 Ce1I, (P7.8b.c)
where k;, and 1, are constants. Show that pressure p and the deviatoric Cauchy stress T'

are given by

l ] —1 ] l ]
p=ky@G -1, T=pJ" [B-3@BDI], (P7.8d.e)
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B =J23B=J)23FFT . (P7.8f)

Problem 7.9: Consider simple shear

1 =X1+7X, , X=X, , Xx3=X3, (P7.9a,b,c)

where v is a function of time only, and show that the stresses associated with the
nonlinear elastic material of problem 7.8 become

p=0,ThHh=U7> (P7.9d,e)

2 5 Lo
T =3 MY » Trr=T33= -3 Uy v° . (P7.91,g)
Notice that the normal stresses are quadratic function of the shear y whereas the shear

stress is a linear function of .

Problem 7.10: Consider simple shear (P7.9a,b,c) of the Reiner-Rivlin fluid characterized
by (29.15) and show that the stresses become

1 1 e D B
p=-3 Bdy+3d, ¥ , T}, =7 d; 7 , (P7.10a,b)

' L ) ' i °2 ' i °2
Ty =12 77 Tp=12 47" . T3=-12 ,v° .,  (P7.10c.de)
where p is the pressure and Tij are the components of the deviatoric stress T'. Notice that
the normal components of stress are quadratic function of the shearing rate K( whereas the
shear stress is a linear function of K(

Problem 7.11: An attempt is made to develop a constitutive equation for an anisotropic

viscous fluid by assuming that the Cauchy stress Tij is related to J=det F and the rate of

deformation Dij by the constitutive equation

A A A
Tij = Tij(J,Dmn) = Aij(J) + Aijmn(J) D> (P7.11a)

where Aij and Aijkl are tensor functions of J only which have the symmetries
Aij = Aji ’ Aijmn = Ajimn = Aijnm . (P7.11b,¢)
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By requiring that the constitutive equation (P7.11a) be properly invariant under

superposed rigid body motions prove that Aij and A must be isotropic tensors of the

ijmn
forms

Aij =-p,J) 81j , Aijmn =A{J) 81j8mn + 1) (Simsjn + 81n8jm) , (P7.11d,e)
so that the Cauchy stress T must reduce to the form

T=-p I+ADDI+2uD . (P7.111)

Note that since T in (P7.11f) is an isotropic function of its arguments the proposed form

(P7.11a) did not work because the resulting fluid response cannot be anisotropic.
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