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Modal description of vibrating system

— ——

Two deflection shapes exist for each eigenfrequency.

They are described by the modal matrix

Deflection shapes are eigenvectors of modal matrix

Lpl', ?é'j =[(0), (@)]

HODE @

@.=[5]

The eigenvalue matrix describes natural frequencies

5 3

A = @

Signal Processing: Modal Analysis



TIME DOMAIN
IMPACT RESPONSE

FREQUENCY DOMAIN  nuseo ; TR
TRANSFER FUNCTION 2 ! Mo
7 pisi i
[%]-»J’}k'\/ T 3
; l!l"dh ) C0.EY B 1T Yy : [rdes 1, meascr
EIGENVECTDRS " v ‘P,: L] [ 10 e TURAL F 3 ol 10 + 27l NATURAL FREQ.
E]GENNDDES . [‘P‘. q"‘] [':'::] : l}].(‘:).kw) q,_z l_ '::A::].vs e l‘l’u(l-.')'(.w) .; g :un:n-'(, o

oA o] farem o
o Nl lo oy

Signal Processing: Modal Analysis



mi +ox +to,(X —x,)+kx +k,(x —x,)=f

m,X, +(c, +¢; )X, +(k, + k3 )x, —c, X, —kyx, = £,
m, + (¢ +c, )% +(k +k )x —c,x, —kx, = f

mzxz +Cz(x2 —)°C1)+k3x2 +k2(x2 _xl):fz

m, 0 c,+c, —c, k,+k, —k,
[MJ=L) } [C]{ } [k]{ }
m2

-, c, +c; -k, k, +k,

X : X, . X, /i
(x)=[ j(x)=[.j(x)=(..j (f)=( j
X, Xy Xy /5

General: [m/(3¥)+[c](x)+[k](x)=(])
m(NxN) ¢(NxN) x(Nx1) f(Nx1)
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Undamped system:
[c] =0
(X)=-0"(y)exp( jot)

o’ [m](y)+[k](y)=0

—Mmj(y)+[k](y)=0

{[m] ™ [k]=A[1]}(w)=0

», eigenvalue

(y) eigenvector
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m;=5kgm,=10kg k, =k, =2N/m ky = 4N/ m
s 0T[4 2] 10
0 10 -2 6 0 1

A =2/5 o, =(2/5)""  [rad/sec]

—0  (4/5-2)(3/5-A)—(=1/5)(=2/5)=0

A, =1 0, =1 [rad / sec]
4/5-2/5 =2/5 0
A =o; =2/5 Vi) _
-1/5 3/5-25|\wy,, 0
2/5 vy, =2/5y,, =0
Vi =Wy
(v) :[Wn}:(q’n)
“|]21 \ljll
\|]12
hy=0; =1 (W) =| 1
_EWD
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Multi Degree of Freedom Models

® Mode Shape

(Bpo)] {x}, ={o} (1)

{x}, = {¢}, mode shape for mode # r

Example:

£, 0,00
/ i 07
2 g A7

{y} e ¢ 33
1 Sao 50
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. 1,00 4

0,00
s o . ,28

[u’,} ‘:_- :—"{\ 1'00 ’
2 é "\‘\ ’,f \‘:»‘ ,B?
= % 0,00

\—,50 J

{¢]_is solution for homogenous

equation (1), i.e. only the relative
deflections are found
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A 7&7"; (\V)iT [m](\V)J =0

)T [k](y), =0 Weighted Orthogonality

relations
A=A, (V) [m](y) =M,
(\V),T[k](\lj)z - Ki

[v]"[m][y]=| M,

L . Generalized mass and
stiffness

[v]'[k][v]=] K

K/M, = O
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1/2 1
o, =(2/5)"" set y, =1 (Wl:(j

O 0

1
K1:(,012M1:6 (1)2 =1 Set \|]12:1 (\V)zz _l
2
T
1 - 1 =M, =15/2
2 2

K, =M, =15/2
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M =1
K, =o;M, = Mass normalized
o = (2/5)" (dm) {5 OMd)“]:MIZI eigenvectors
o, ) |0 10|,
¢11:¢21
(V1715
(), _(—Tlsj
(%ﬂs oM%j
®, =1 =M, =1
¢, ) [0 10]\D,,
o), - J2/15
1 >l 20.542/15
(¢)i=ﬁ(\lf)i
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Generalized
coordinates

[v]=[(W)..(v,)...(w),]
(x)=[v]q qg=[y] (x)

[m](X)+[k](x)=(])
(vl [m][yw](G)+[v] [k][w](q)=[v](f)
[M](G)+[K](q)=[w]"(f)

Mg +Kgq, = (W)z(f) = fz

. (W) (f)
o = /M = ,
it ong, = 1/M, (W) [m](y)

g; + (Dizqz' = fz = ((I))IT(f)
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15 0
[w] [mifvi=|, 1
6 0
[v]'[k] [v]=|, 15

o e o ) 20
+ + 15 = |
0 15/2] \4) |O S \a) |1 5 \f

15.. 15 1, Uncoupling of equations

o4 +7% =/ )
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mi + kx = fexp( jot)

(k—o'm)x =

{[k]-o*[m]}(x)=(f)

[H](x)=

[H]" =[k]

[6] [H] ' [6]=[6] [k][d] =0 [6]" [m][$]=| o -

[H]=[0¢]

/ Transfer Function approach

(f)  (x)=[H]([)

~'[m]
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Summary:
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Frequency Response Function and Modal Parameters

® Mode Shapes from Quadrature Picking
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Modal Analysis Introduction

Modal Behaviour

® The dynamic response of a structure can
be decomposed into a discrete set of
independent particular motions

® These motions are called Modes of
Vibration

® A Mode is described by the Modal
Parameters: -

* Natural Frequency & Damping
* Mode Shape

X(yt) = ait) {6} +az(t) [¢] +ast) {o}++ant) {4}
1 2 3

® Modal Analysis is the process of
determining the modal parameters

and ultimately to

e (Create a mathematical Model
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Modal Analysis Introduction

e Mathematical Models

¢ Wave Equation

111t & &Py Py
| L e (B0 m T
X

e Lumped Parameters

[m] {%} + [c] {X} +[k] {x} -

v X
G o WMo

X

7 iy, s

(m] {x} + [k] {x} = {t}
e Experimental Modal Model

2 XX} =[H]{F)
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The Modal Transformation

® Fourier - vs. Modal Transformation

Fourier
x(t) X(w)
“l hll“ll.
time n freq. .
N/2 . nk
X(n= 2, Xk) N
k
°F X =[] {X(w)] = T sin (wnt) X X,
Modal
x(t) q,|
| l | l L l
n T 1 T

physical

: l modal space
space

X(n) = r=21 ¢nr .
{x} =[2]{a}

qr

m

=¥

r=1

or {da}r - q

Imagine:

= [10¢# and @ =[(]y]

Signal Processing: Modal Analysis

850237/2




